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ON HOMOLOGICAL MIRROR SYMMETRY OF TORIC 
CALABI-YAU THREEFOLDS 


MARK GROSS AND DIEGO MATESSI 

Abstract. We use Lagrangian torus fibrations on the mirror X of a toric 
Galabi-Yau threefold X to construct Lagrangian sections and various La¬ 
grangian spheres on X. We then propose an explicit correspondence between 
the sections and line bundles on X and between spheres and sheaves sup¬ 
ported on the toric divisors of X. We conjecture that these correspondences 
induce an embedding of the relevant derived Fukaya category of X inside the 
derived category of coherent sheaves on X. 


1. Introduction 

An example of mirror symmetry which has been studied a great deal in recent 
years is so-called local mirror symmetry of (open) toric Calabi-Yau manifolds. 
If A is a smooth toric Calabi-Yau manifold, then a construction of its mirror 
X was hrst proposed in the paper of Chiang, Klemm, Yau and Zaslow na. 
Later, in [19] and [20], the hrst author proved that X and X admit dual torus 
hbrations / : A —)■ M"’ and / : A —)■ M”. This suggests that they are mirror 
to each other in the sense of the SYZ conjecture [32] ■ The construction in 
[H] implies that / is special Lagrangian; moreover, using the results in [7], 
we can assume that / is Lagrangian (see also [3] for another construction of a 
Lagrangian hbration on A). More recently, mirror symmetry of A and A has 
been proved at deeper levels and in various other aspects, see for instance [Sj, 

m,m, m- 

In this article we consider a toric Calabi-Yau threefold A and we give rather 
explicit constructions of Lagrangian sections of / : A —and Lagrangian 
3-spheres in A. The Lagrangian spheres we construct represent a homology 
class which we show can be described via a difference of sections which coincide 
outside a compact set. Sections of Lagrangian hbrations have long been ex¬ 
pected to coincide with line bundles on A, and our construction of the sections 
naturally suggests a precise such correspondence. Moreover the relationship 
between the Lagrangian spheres and different sections then suggests an ex¬ 
plicit correspondence between the spheres and line bundles supported on the 
compact toric divisors of A. We conjecture that this correspondence induces 
an embedding of a suitable derived Fukaya category generated by the spheres 
and the sections into the derived category of coherent sheaves of A. The two- 
dimensional version of this conjecture has been partially proved by Chan and 
Chan-Ueda respectively in [T3] and [H], We then prove some results which 
support our conjecture. For instance, we show that by studying the differential 

1 


2 


MARK GROSS AND DIEGO MATESSI 


topology of the intersection points between a sphere and a section one hnds 
numbers of intersection points agreeing with the dimension of the morphism 
space between the corresponding line bundle and sheaf. In some special cases 
(when there are no Floer differentials for degree reasons), we can show that the 
intersection between a sphere and a section is transverse and that the Floer 
homology group between the section and the sphere coincides with the group 
of morphisms between the line bundle and the sheaf. We have not attempted 
to carry out a detailed analysis of Floer cohomology in this paper. 

We apply our results to study the mirror symmetry of A 2 d-i-singularities in 
dimension 3. In particular we describe the vanishing cycles in a smoothing of an 
A 2 rf_i-singularity using our construction of Lagrangian spheres. Then we prove 
that in the mirror, our correspondence gives an 742d-i-con£guration of spherical 
objects, in the sense of Seidel and Thomas [29]. This refines and makes more 
explicit a conjecture of Seidel and Thomas in [29] . 

1.1. Local mirror symmetry. Let N = ZP ^ be a lattice and M its dual. Let 
Nm. = N and = M 0^ 1^- If T* C is a convex lattice polytope, let 
C{P) C M X be the cone over {1} x P. A subdivision of P in smaller lattice 
polytopes gives a subdivision of C{P), i.e., a fan denoted S, and hence a toric 
variety Vs of dimension n. If P is subdivided in elementary simplices, then Vs 
is a smooth Calabi-Yau variety of dimension n. The variety X is obtained by 
removing from Vs a principal divisor which does not intersect the compact toric 
divisors of Vs. The mirror X is an affine variety defined in (|^. We consider the 
3-dimensional case (n = 3). The discriminant locus of the Lagrangian hbration 
/ : X —)■ can be thought as (a thickening of) the tropical curve F dehned 

by P and its subdivision (see Figures and showing some examples). The 
critical locus of / is a submanifold S' C X of real dimension 2 which maps to F. 
We have that X has a Hamiltonian S'^-action, preserving the fibres of /, with 
moment map /i such that S C /i“^(0) and S is the fixed point set of this action. 
It turns out that we can (partially) identify the reduced space /i“^(0)/S'^ with 
Xr X (Mr/M), with its standard symplectic form. 


1.2. Lagrangian sections and spheres. We now describe the construction of 
the sections and of the spheres. From toric geometry it follows that a line bundle 
on X is described by a piecewise integral affine function 0 : P —)• M, called a 
support function, whose domains of affineness are unions of the polytopes in 
the subdivision. Using such a function we construct a Lagrangian section of / 
as follows. First we extend 0 in a piecewise affine way to all of Xr, then we 
smooth 0 by convoluting it with a “mollifier” (see (25 ) and (26 ) for the definition 
of a mollifier and of the convolution product). This gives a smooth function 
0£, which essentially is 0 with its “corners” smoothed out. The graph of the 
differential of 0^ gives a Lagrangian section of the reduced space Xr x (Mr/M). 
We then argue that this section can be lifted and extended to give a section of 


/. This is essentially the content of Theorem 3.15 
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The construction of spheres is similar. The complement of the tropical curve 
T in has a hnite number of bounded connected components and there is a 
one-to-one correspondence between these connected components and the inte¬ 
rior vertices in the subdivision of P. We denote by C* a connected component 
and by vc the corresponding vertex. Moreover, interior vertices are in one-to- 
one correspondence with compact toric divisors of X, which we denote by Dc- 
The tangent wedges to the polytopes containing the vertex vc of the subdi¬ 
vision form a fan which is the fan of the toric divisor Dq- We dehne the 
notion of a semi-integral support function (see Dehnition 4.1), i.e., a contin¬ 


uous function'd 


-‘C\ 


-)■ 


which is linear on the cones of Sc and satishes 


a certain compatibility condition (32). Then let be a smoothing of d (ob¬ 
tained by convolution with a molliher). We interpret as a real function on 
C. It then turns out that the graph of the differential of dehnes a map 
A : C — )■ X]R X (M]r/M) which maps the boundary of C to the critical surface 
S. Then a“^(A(C)) gives the Lagrangian sphere, where a is the quotient map 
a : X —X/S*^, and the reduced space is identihed with /i“^(0)/S'^ C X/S^. In 
other words, the sphere is an S'^-hbration over C, with the circles degenerating 
to points over the boundary of C. This is the content of Theorem |4.5 


It is worth pointing out that our construction of Lagrangian spheres is rather 
general and also works in the case of compact Calabi-Yau threefolds with the 
Lagrangian hbrations constructed in |7]. In Example 4.10 we show how to 
construct Lagrangian spheres inside the quintic threefold in P^. 

itiH, M. Abouzaid studied homological mirror symmetry of a compact toric 
variety Y. The mirror of X is a Landau-Ginzburg model ((C*)”,iy), where 
W : (C*)" —)■ C is a Laurent polynomial. Abouzaid proves that the bounded 
derived category of coherent sheaves on Y embeds as a full subcategory inside 
the derived Fukaya category of ((C*)”, W). He dehnes such a Fukaya category 
by considering certain Lagrangian submanifolds with boundary on IF“^(0). 
Abouzaid’s construction is similar to ours and it is likely that his correspondence 
is strongly related to the one we propose. 


1.3. The correspondence. The correspondence between L agrang ian sections 
of / : X —)■ and line bundles of X is stated in Conjecture 3.16 Essentially, 
given the piecewise affine function 0 : P —)■ M, the section constructed from 0 
as described above should correspond to the line bundle given by the function 
—(f). In order to decide which sheaves should correspond to the Lagrangian 
spheres we proceed as follows. Suppose we have a pair of sections a and a' 
which coincide outside a compact set K homeomorphic to a 3-ball, then we say 
that a is compactly supported with respect to a'. We can view a (topological) 
sphere as two copies of K glued along their boundaries. A map from this sphere 
to X is constructed by dehning it to be a on one copy of K and a' on the other 
copy. This map dehnes a homology class in (X, Z) which we denote by [era']. 
If this homology class is represented by a Lagrangian sphere L, then we expect 
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the sheaf corresponding to L to ht in a short exact seqnence of the type 








The motivation for this is that it seems reasonable to expect that a can be 
obtained as the Lagrangian connected snm Then a general argnment in 

mirror symmetry (see |1], Section 3.3.2) snggests that shonld be an extension 
of by Sl- 

In Section we investigate which pairs of sections a and a' can be assnmed 
(np to isotopy) to coincide ontside some compact set K and we determine 
the Lagrangian sphere whose homology class coincides with [era']. This is the 


content of Proposition 5.5 and Theorem 5.6 


Using the above argnments, the ontcome of onr proposed correspondence 
is as follows (see the beginning of Section]^. Given a semi-integral snpport 
fnnetion i? on Sc, let 'ipxc ■ l^c| —)■ M be the snpport fnnetion corresponding 
to the canonical bnndle of Dc- Dehne "0 as 


^ = 2^Kc 




Then the sheaf corresponding to the sphere dehned by i? is the line bnndle 
snpported on Dc dehned by 'ijj. This is the correspondence stated in Conjectnre 


correspondence as ours between spheres and sheaves supported on compact 
toric divisors. Then he proves that this correspondence dehnes an embedding 
of the derived Fukaya category generated by the spheres inside the derived 
category of coherent sheaves of the mirror. Similarly, in [T3], Chan and Ueda 
construct, in the two-dimensional case, a correspondence between Lagrangian 
sections of / and line bundles on X and prove that it gives an embedding of 
derived categories. Similar results were obtained in |T2] in the three-dimensional 
example of the conifold. We also point out the result of P. Seidel laa where, in 
the case X is the total space of the canonical bundle of a smooth toric del Pezzo 
surface Y, he hnds a full embedding of triangulated categories between the 
bounded derived category of sheaves supported on Y and the derived Fukaya 
category of the mirror X. Seidel’s method is based on the “suspension” of 
Lefschetz hbrations. We do not know what is the relation between our proposed 
correspondence and Seidel’s result. 


7.1 We point out that in dimension two, in [13], Chan constructs the same 


1.4. Other results. We obtain some results which support our conjectures. 
For instance, in the case that a semi-integral support function i? (or its opposite 
—'d) is strictly convex, we prove that the sphere corresponding to '& intersects 
the zero section transversely (see Corollary |6.4[ ). 

This implies that the Floer homology group between the zero section and 
the sphere is isomorphic to the group of morphisms between the corresponding 
sheaves (see Remark 6.8). In fact in this case we argue that for topological 
reasons the Floer differential must be zero. Thus the dimension of the Floer 
homology group coincides with the number of intersection points. Then we 
show that these are in one-to-one correspondence with the integral points in 
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the interior of a convex polytope with vertices on the half lattice (see Figure 
17 for some examples). It is not hard to show that the number of such points 
is precisely the dimension of (or respectively H^{Dc, where 

is the line bundle on Dq corresponding to the support function -0 dehned 
above. 


More generally, in Theorem |7.4| we prove that given any i), the differential 
topology of the intersection points between the zero section and the sphere 
corresponding to i? allows us to recover the morphism groups between the cor¬ 
responding sheaves. More precisely, the half-integral support function de- 
hnes a piecewise linear closed curve in Mr. We prove that the dimension of 
is the number of integral points which have positive winding 
number with respect to this curve. Moreover, the dimension of 
is obtained as minus the sum of the winding numbers (with respect to this 
curve) of all integral points whose winding number is negative. 

1.5. y42d-i-singularities. In Sectionj^we study the mirror symmetry of A 2 d-i 
singularities in dimension 3. In fact, the mirror of a smoothing of an A 2 d-i 
singularity in dimension 3 is a toric Calabi-Yau. We can view the 2d — 1 
vanishing cycles using our construction above. For instance, in the case d = 3, 
the smoothing X has a Lagrangian hbration with discriminant locus the tropical 
curve F as in Figure Then, the complement of F has two bounded regions. 
We obtain one vanishing cycle for each of these bounded regions. There are 
other three vanishing cycles constructed over some one dimensional edges of F 


see 14.4). Our correspondence gives us the conjectural mirror objects. 


In Proposition |8.8| we prove that the mirror objects form an 742d_i-sequence 
in the sense of Seidel and Thomas 1291. 
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2. Local mirror symmetry and torus fibrations 

2.1. Local mirror symmetry of toric singularities. Let N ^ be a 

lattice and M = Hom(A, Z) its dual lattice. Let Ar = N M and Mr = 
M M. Identify (Z © A) 0 M with M x Ar. We also denote by the 
complex algebraic torus A © C*. Given a convex lattice polytope P C Ar, let 
C{P) C M X Ar be the cone over {1} x P and let Vp be the n-dimensional toric 
variety dehned by C{P). In general Vp is singular with an isolated Gorenstein 
singularity. Given a subdivision of P in convex lattice polytopes Pi,..., P^, we 
obtain a fan E by considering the cones over the faces of the Pj’s . Let Rs he the 
toric variety associated to this fan. When the subdivision of P is smooth, i.e.. 
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all Fj’s are elementary simplices, then Vs is a smooth Calabi-Yau, providing a 
crepant resolution of Vp. We will always assume that the subdivision is smooth. 
The lattice point (1,0) G Z x M defines a regular monomial zT.o) ■ ^ 

Define 

(1) X = Ds - = 1}. 

The paper [15] hrst constructed a mirror of X. In general the mirror to X 
will be a family of varieties roughly parameterized by the Kahler moduli space 
of X. Because we will only be concerned about the symplectic geometry of 
the mirror, we dehne a convenient one-real parameter sub-family, as follows. 
Consider a function z/ : P —)■ M which is piecewise affine and strictly convex 
with respect to the given subdivision of P (i.e., the domains of linearity coincide 
precisely with the polytopes Pj). Assume also that u, restricted to P H N, has 
integer values. Elements j E M correspond to monomials, or characters, on the 
torus Tjsf which we denote by P . For t G M>o, consider the family of Laurent 
polynomials 

ht = , 

jePnN 

where the coefficients aj G C*. We will construct the mirror of X by hxing t 
and taking the u-dimensional variety 

(2) X = {{x,y,z) e X Tjsflxy = ht{z)} 

We will typically be interested in the case that t is very close to 0. It can be 
shown that X is Calabi-Yau. 

2.2. The tropical hypersurface T. Let z/ : P —)■ M be the function defined 
above. Then it extends to a piecewise linear strictly convex function 9 : |E| —)■ 
M, by dehning z>(l, v) = u{v) for all u G P and extending linearly. The function 
9 also corresponds to a choice of ample line bundle on Vs, whose Newton 
polyhedron a is given by 

(3) cr = {(t, m) G M X | ((1, u), {t, m)) + z/(u) > 0, for all u G P fl Y}. 
Now, over Mr, define the following piecewise affine function 

(4) z/(m) = min{(u, m)-|-z/(u), u G P n Y}. 

This function is the discrete Legendre transform of v. Clearly 

a = {(f, m) G M X M® 1 1 > —9{m)}. 

The subset of Mr where 9 fails to be smooth is a polyhedral complex T whose 
maximal cells have dimension n — 2 and lie on affine subspaces of rational slope. 
The complex T is also called the non-archimedean amoeba of the polynomial ht 
or the tropical hypersurface dehned by ht. In the case rz, = 2, T is just a hnite 
set of points. In the case rz, = 3, T is a tropical curve, topologically a graph 
with trivalent vertices. 

We have that T defines a polyhedral subdivision of Mr, whose maximal cells 
are the closures of the connected components of Mr — T. This subdivision is 
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dual to the subdivision of P, in the sense that there is a one-to-one, inclusion 
reversing correspondence between fc-dimensional cells in the subdivision of P 
and codimension k cells in the subdivision of M®. In particular, there is a one- 
to-one correspondence between connected components of Mr — T and vertices 
of the subdivision of P. If C is a connected component of Mr — F, we denote by 
vc the corresponding vertex. Vertices on the boundary (resp. in the interior) 
of P correspond to unbounded (resp. bounded) components. 

In this paper we will mostly consider the case dim Mr = 2, i.e., n = 3, so let 
us £x some notation for this case. An edge e in the subdivision of P corresponds 
to an edge e of F. If vc and vc are the vertices of e, then e is the common 
edge of C and C". Clearly e is an inhnite ray if and only if vc and vc both lie 
on the boundary of P. If He € Mr is a primitive integral tangent vector to e 
and rig is a primitive integral tangent vector to e then 

( 5 ) {ng,ng) = 0. 

For every edge e in the subdivision of P, we £x the following choices: 

a) we £x ng and Ug, primitive integral tangent vectors to e and e respec¬ 
tively; 

b) if e is an interior edge, we label the two 2-dimensional simplices con¬ 
taining e by Pg*" and P~, so that for every G and q~ G P~ we 
have 

(ng,g+ -g") > 0; 

c) if e is a boundary edge, we label by Pg the unique simplex containing e. 
Observe that if is the vertex of F corresponding to P^ and p~ is the vertex 
corresponding to P~ then rig points outward from in the direction of p~. 
This can be deduced from the dehnition of F. 

Given a vertex p of F, the following balancing condition holds 

(6) y^CgUg = 0, 

pSe 

where Cg = 1 if rig points outward from p, otherwise eg = —1. The fact that this 
holds for such a choice of Cg follows from the fact that all edges of P are affine 
length 1, as the subdivision of P is smooth. Moreover, for any pair of edges 
Cl and 02 emanating from p, Ug^ and rig^ form a basis of M, again because the 
subdivision of P is smooth. 

2.3. Torus fibrations. In the following we restrict to dimension n = 2 or 3. 
The claim that X and X are mirror to each other has been proved to various 
degrees of precision in the literature. See for instance [H], [TU], |3], |2S]- In 
[I9] , the hrst author shows that X and X admit torus hbrations which are dual 
to each other in the sense of the SYZ-conjecture, as rehned in m- For our 
purposes we will only need the hbration on X, so we give a description of this 
hbration only. In fact we will give three constructions. 

Choosing an isomorphism N = identihes the torus T/v with We 

denote by {zi^ ..., Zn-i) the standard coordinates on (C*)”“^. On x 
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consider the symplectic form 


t I , , , . ^ dzj A dzi 

u = - \ ax A ax + ay A ay + 2_^ 

i=i 


\z. 


■j I 


and restrict it to X. We have a Hamiltonian S'^-action on X given by 

e*® ■ {x, y, z) = {e^^x, e~^%, z) 

with moment map 


{x,y,z) ^ 


\x\ 


-\y? 


Consider the (n — l)-torns hbration Log : (C*) 


1 


-)■ 


pn—1 


dehned by 


Logz = (log|zi|,...,log|zn-i|). 

Then the hbration / : X —>■ M x is dehned by 
(7) /(a;,i/,x) = (|xp - |i/P,Logx). 

When n > 3 this hbration is not Lagrangian, bnt later we will describe a 
diherent constrnction in dimension n = 3 of an eqnivalent hbration which is 
Lagrangian (after [7]). 

Let Y = X/S^. Notice that X = M x and / is the composition of 

the projection a ■. X Y with the map M x —)■ M x given by 

(s,x) HA (s,Logx). The hxed point locns of the S'^-action is the set of points 

where x = y = ^. So, let St C be the zero set of the polynomial ht and 

let Y' = Y — ({0} X St). Then a : a~^{Y') —)■ Y' forms a principal ^hbandle. 
The Chern class of this bnndle is described as follows. The relative cohomology 
exact seqnence yields 

0 ^ H‘^{Y, Z) ^ H‘^{Y', Z) ^ H^{Y, X \ Z) = Z ^ 0 

which is split by choosing a hbre C X of M x —)■ M x disjoint 

from St and nsing the composition H‘^{Y', Z) —)■ Z) = H'^{Y, Z). Then 

the Chern class of a is (0, ±1) G H^(Y', Z) = H^(Y, Z) © Z. Let 

A = Log(S't). 

Then the singnlar hbres of / lie over the set {0} x A. The set A is called the 
amoeba of St (in dimension n = 2 it is jnst a hnite set of points). 

2.4. A topological construction. We now give a topological constrnction of 
a hbration similar to the one given above. Since the total space of this hbration 
is homeomorphic to X, we will continne to denote it by X, althongh it is 
constrncted in a diherent way. Here we consider only the cases n = 2 or 3. Let 


T C M]r be the tropical hypersnrface dehned in (2.2). One can identify 
with M]r X (Mr/M), where Log becomes the projection onto Mr. Snppose 
that S C Mr X (Mr/M) is a 2n — 4-dimensional real snbmanifold snch that 
Log(S') = T. The hrst anthor, in [20], makes the following constrnction. Let 
X = M X Mr X (Mr/M) and X' = X - ({0} x 5). If a' : X' ^ X' is a principal 
S'^-bnndle over Y' with Chern class (0, ±1) G M^(X',Z) = H‘^{Y,X) © Z as 
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before, then there is a topological manifold X containing X' and a commutative 
diagram 


X' -^ X 


y' -^ Y 

such that a is proper and the S'^-action on X' extends to an S'^-action on X 
with Q!“^({0} X S) = S, i.e., such that S coincides with the hxed point locus 
of the S'^-action. Now a hbration / : X —)■ M x M® is dehned by composing 
a : X — )■ y with the T”“^-£bration M x Mr x (Mk/M) —)■ M x Mr. 

In the two-dimensional case S is just a finite set of points. If Log maps S 
bijectively to L, then the singular hbres of / are just once pinched 2-tori. 

Let us treat the case n = 3 and construct a suitable surface S as follows. We 


use the notation of 12.2 For an edge e of F, consider the circle in Mr/M given 
by 


( 8 ) 


5e = <j [m] e Mr/M I {Ue, ^ "lod Z 


Observe that from ([^ it follows that the slope of is rig. Then consider the 
following cylinder inside Mr x (Mr/M): 

(9) S'e := e X (fg. 


Clearly Log(S'e) = e. Now we want to glue together all these cylinders to form 
a topological surface S. We do this by hlling in what is left out at the vertices. 
More precisely, identifying Hi{M^/M,'L) with M, for every vertex p G F and 
edge e containing p, orient the circle S'e 0 Log“^(p) in the direction of eeUe, 
where Cg = 1 if Ug points outward from p and Cg = — 1 otherwise. Then the 
circle S'gnLog“^(p) represents the class egUg. It then follows from (j^ that there 
is a suitable 2-chain Tp in Log“^(p) such that 


dTp = IJS'g riLog ^(p). 

p£e 

The topological surface S is then dehned as 

S= \J S,U IJ Tp. 

edges vertices 


Clearly Log(S') = F. 

We have that X is homeomorphic to the space dehned in and the h- 
bration / constructed here is isotopic to the map dehned in ([7). In the two- 
dimensional case this is straight forward. In dimension 3, this can be proved 
using Mikhalkin’s results in [27]. The argument is as follows. Let Log^ : (C*)^ —)■ 
be the map Log^{z) = (log^ | 2 ;i|,logj \z 2 \) and dehne 


At = Logi(S't). 

Then, using Viro’s patchworking technique [M] , Mikhalkin proves the following 
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Theorem 2.1. The sets At converge in the Hausdorff topology to T as t —)■ 0. 

In fact, it is true that for small f, there is a isotopy of (C*)^ which takes St 
to S. It does not appear that there is a good reference for this in the literature; 
however, it can be shown using techniques of [33]. See the forthcoming work 
|H| for a complete proof of this fact. 

Remark 2.2. Let us identify Mr x (Mr/M) with (C*)^ ^ ^ TT Let v and 

v' be the vertices of the edge e. We then have that 6e, as dehned in ([^, is the 
projection onto of the subset of (C*)^ given by the equation 

+ Z^' = 0. 

Similarly, every vertex p G L corresponds to a simplex Pj of the subdivision of 
P. Suppose that Uq, Vi and V 2 are the vertices of Pj, then it can be verihed that 
a 2-chain Tp is given by the closure of the projection onto of the set defined 
by the equation 

ZVO ^ ^ Q_ 

Figure depicts the set Tp when vq = (0,0), Vi = (1,0) and V 2 = (0,1). The 



Figure 1. A 2-chain Tp = S 11 Log ^(p) for a vertex p G F. 

surface S resulting from this construction is also called the complex tropical 
curve associated to the polynomial ht, when all coefficients aj = 1 (see [2H])- 

2.5. AfRne manifolds with singularities. Gross and Siebert have developed 
a program where mirror symmetry can be understood in terms of a duality of so- 
called affine manifolds with singularities (see [23|, [23| or [2l] for a survey). We 
show here how these manifolds can be used to construct mirror symmetric torus 
fibrations. In fact these fibrations can be made into Lagrangian torus fibrations, 
as shown in [7|. An integral affine structure ^ on & topological manifold is an 
atlas of charts whose change of coordinate maps are affine maps with integral 
linear part, i.e., elements of M"' x SLn,(Z). Observe that an affine manifold comes 
with a natural flat connection V. If {xi,... ,Xn) are affine coordinates, then 
the tangent vectors dx^, ■ ■ ■, dx^ form a basis of parallel sections of the tangent 
bundle, while the parallel one-forms dxi ,..., dxn yield the dual basis. The Z- 
span of the vectors dx^ forms a well-defined maximal lattice A P TM (this is 
due to integrality of the affine structure). The dual lattice A* C T*M is the 
Z-span of the forms dxj. The basic idea of the construction is to start with an 
integral affine manifold with singularities, {B, A, £/), where B is a topological 
n-manifold and A is a closed set such that Bq = B — A is dense and has an 
integral affine structure The set A is called the discriminant locus and we 
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require that it has codimension 2. Then we have a symplectic manifold Xq{B) 
defined by the exact sequence 

0 ^ A* ^ T*Bq Xo{B) 0. 

The symplectic form on Xo{B) is induced from the standard symplectic form on 
T*Bq. This gives us a Lagrangian T” bundle /o : Xo{B) —)■ Bq. Under certain 
hypotheses on A and on the affine structure one can (partially) compactify 
Xo{B), in the sense that one can hnd a smooth 2?7,-manifold X{B) and a proper 
surjective map f : X{B) ^ B such that there is commutative diagram 

Xo{B) ^ X{B) 

( 10 ) ; ; 

Bq ^ B 

where the upper arrow is an open embedding and the lower arrow is the inclu¬ 
sion. Gross and Siebert define the notion of positive and simple integral affine 
manifold with singularities. These conditions are equivalent (in dimension 2 and 
3) to certain restrictions on A and on the monodromy of A around A. With 
this assumption, a topological compactihcation was found by the hrst author 
in 1201 . In [7], the second author and R. Castano-Bernard found a symplectic 
compactihcation of Xq{B), i.e., a symplectic structure on X{B) which extends 
the standard one on Xq{B) and such that / is a Lagrangian hbration. In fact, 
in dimension n = 3 the precise statement of the result is slightly more compli¬ 
cated. In dimension n = 2, A consists of a hnite collection of points and the 
symplectic compactihcation of Xq{B) is achieved by gluing a standard model 
of a Lagrangian hbration over a disc with a nodal central hbre; this model is 
known in symplectic geometry as a simple focus-focus hbration. This construc¬ 
tion gives compact symplectic 4-manifolds with Lagrangian 2-torus hbrations 
(e.g., a K3 surface). In dimension n = 3, the positive and simple assump¬ 
tions imply that A is a graph with trivalent vertices, labeled either positive or 
negative. In this case the affine structure around edges, positive, and negative 
vertices is isomorphic to the one induced on the base of three diherent models 
of local Lagrangian hbrations: respectively the so-called generic, positive and 
negative hbrations. The models for generic and positive hbrations can be re¬ 
garded as 3-dimensional analogues of focus-focus hbrations; in particular, they 
have a T^-symmetry, they have codimension 2 discriminant and are given by 
smooth hbration maps. On the other hand, the model for a negative hbration 
is S^-invariant, the hbration is piecewise smooth and its discriminant locus has 
mixed codimension 1 and 2. This model can be regarded as a perturbation 
Gross’s topological version of the negative hbration used in [20]. These diffi¬ 
culties require us to redehne A by locally fattening the graph near negative 
vertices (see Figure so that it has codimension 1. As a consequence, the 
result in [7] must be formulated as follows: 

Theorem 2.3. Let {B, A, be a three-dimensional integral affine manifold 
with singularities which is positive and simple. For every negative vertex 
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v~ E A there is a small embedded 2-disc D^- C B, containing a neighbor¬ 
hood of v~ in A, such that if we let A4 = (IJ,;- D^-) U A, = B — A4 
and X^{B) = T*B^/A*, then we can find a symplectic X{B) and a proper 
surjective Lagrangian fibration / : X{B) — )■ B such that diagram (10) holds 
if we replace Bq with B^ and Xo{B) with X^{B). Moreover / is smooth over 
X{B)-f-\[j^. D^-). 


Notice that outside the discs D^- the discriminant locus is codimension 2. 
We refer to [7j for a more detailed description of these discs D^- and the 
construction of the local models. 



Figure 2. The discs D ,^- containing the codimension 1 part of 
A at negative vertices. Outside these discs the fibration is smooth 

An important invariant of integral affine manifolds with singularities is the 
monodromy representation of the fundamental group of Bq. In fact the exis¬ 
tence of the flat connection and integrality gives a representation of 

p : 7ri(i?o,p) —t GL(Ap) = GL(Z,n). 

Similarly we have the dual representation p* : 7ri(i?o,p) —t GL(A*). 

In |23] and [21], Gross and Siebert describe how, in certain cases, from an 
affine manifold with singularities (5, A, £/) one can construct a mirror one, 
denoted (5, A, . 2 /). The associated spaces X{B) and X{B) are mirror to each 
other. We do not wish to go into the details of the general construction, but 
only give ad hoc constructions for the examples we need. In particular, we 
want a mirror pair of affine manifolds with singularities whose spaces X{B) 
and X{B) are homeomorphic, respectively, to X and X. 

Example 2.4. (X(B) = X) We describe {B, A, A). Let B = Mx M]r. Gonsider 
the function u defined in (|^ and the associated tropical hypersurface T. Then 
A = {0} X T. Dehne open subsets of B\ 

= B- (M>o X T) and U' = B - (M<o x T) 

Let 0“ : U~ —)■ M X be the inclusion and define —)■ M x by 

m) = (t + i>(m), m), 

where f G M and m G M®. The charts {U~^, and {U~, 0“) define an integral 
affine structure on .B — A. Notice that at every point p G Bq, we can identify 
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T*Bq with M X iV]R and we write a 1-form as adt + v, where a G M and v G N^. 
The space of monodromy invariant one-forms, with respect to the monodromy 
representation p* can be i denti hed with {0} x All vertices of A are of 
positive type (see Example 2.7 below). It follows from [20], §3, that X{B) is 
homeomorphic to X. 

Example 2.5. (X(B) = X). Let us now describe {B,A,£/). Here i? = MxAk. 
The discriminant locus A C {0} x Ar is constructed as follows. When n = 2, 
A is just the set of barycenters of the segments Pj forming the subdivision of 
P. When n = 3, then A is the union of the following segments and straight 
rays. For every interior edge e in the subdivision of P, take the two segments 
from the barycenter of e to the barycenters of P^ and P~ respectively 


see 


end of ^2.2 for notation). The union of these two segments forms an edge of A 
which we denote by e. For every boundary edge e in the subdivision of P, take 
the straight ray emanating from the barycenter of Pe and passing through the 
barycenter of e (see Figure]^. Also in this case we denote this ray by e. 



Figure 3. The polytope P, its subdivision and the set A 


Observe that A is homeomorphic to the tropical curve T, and moreover it 
shares with T the same combinatorial relationship with the subdivision of P. 
Every connected component C of A® — A contains precisely one vertex of the 
subdivision of P which we denote by vc- For every C, form the following open 
set of B: 

Vc = Cu {it,v) G M X Am I f 7 ^ 0}, 
and on Vc dehne the map 


^c{t,v) 


{t, v) t < 0 

(t, V + tvc) t >0 


The charts (Vc, *hc) dehne an integral affine structure on H — A. We now 
compute monodromy. Given the point p = (0,tc) ^ -Bo, we can identify T*Bq 
with M X Mr and denote 1-forms by adt + m, with a G M and m G Mr. Now 
let 

V^ = {t > 0} and V~ = {t < 0}. 

Consider an edge e of A. It passes through the barycenter of the edge e. If v 
and v' are the vertices of e such that = v' — v, consider a path 7 e going from 
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v' to V passing inside V~^ and then going back to v' passing inside V . It can 
then be calculated that 


(11) P*(7e) : o,dt + m I—)■ (a — (m, ne))dt + m. 

Then we have that the p*( 7 e)-invariant one-forms are of type adt + m, where 
m G ker(?7,e). All trivalent vertices of A are of negative type. 


Example 2.6. Let P = [0,1] ^ and i/ : P —)■ M the zero map. Then 

i>{x) = min{0, x} 


and T = {0}. Applying the constructions of Examples 2.4 and 2.5 to this case 


we obtain isomorphic affine manifolds with singularities with only one singular 
point. These are called focus-focus models and all points of A or A in the 


2-dimensional versions of Examples 2A and 2A are locally isomorphic to this 
example. Notice that at every point p G Bo, the space of monodromy invariant 
tangent vectors is one-dimensional and the distribution of monodromy invariant 
tangent vectors is integrable. We call the integral lines of this distribution 
eigenlines. Notice that there is one eigenline passing through the singular point. 
When A has more than one point, each point has its own eigenlines given by 
local monodromy around it. 


Example 2.7. Suppose that P is the standard simplex in with vertices 
(0, 0), (1, 0) and (0,1), and let i/ : P —)■ M the zero map. Then we have 

v{x,y) = min{0,x, I/} 

and T is the set 


T = f>0}U{(t,0), f>0}U{(0,t), t>0}. 


Applying the construction of Example 2A to this case, we obtain A with a ver¬ 
tex of positive type. The corresponding Lagrangian torus fibration / : A(P) —)■ 
has a positive singular fibre over the vertex of A; see for example [H], Ex¬ 
ample 1.2 for a full analysis of this fibration. The fibres over the edges of A are 


of generic type. Applying the construction of Example 2.5, we obtain a vertex 
of negative type. 

When the subdivision of P is maximal, then all vertices of A (resp. A) arising 
from Example |2.4| (resp. Example|2.5[) are of positive type (resp. negative type). 


2.6. Examples. Let us discuss some simple 2-dimensional examples. 
Example 2.8. Let P = [0,1] and choose z/ = 0. Then 

X = C^- {ziZ2 -1 = 0} 

and there is a Lagrangian torus fibration on X given by 
f{zuZ2) = 


log jziZ 2 - 1| 


Al - Z2 
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This fibration is just a standard example of focus-focus fibration, with a singular 
fibre over (0,0) having the topology of a pinched torus (see [H], [IH], and |7]). 
The mirror is 

X = {xy = z + 1}. 

The hbration on X is 


f{x,y,z) = (|x|^ - \y\‘^,\og\z\) . 


Example 2.9. Now let P = [0,m] for some positive integer m, with the max¬ 
imal subdivision where Pj = [j,j + 1], for all j = 0,..., m — 1. Consider the 
unique piecewise affine strictly convex function dehned by z/(fc) = 
all /c G P n Z. Then the affine toric variety associated to the cone over P is 


Vp = {xy = 


which is a singular variety with a 2-dimensional ^m-singularity. The toric 
variety Vs associated to the subdivision of P is a crepant resolution of this 
singularity. We have that X is obtained by removing a principal divisor from 
Vs (as in formula ([^). For instance, when m = 2, then X is an open set of 
Opi(—2). Notice that 

z/(t) = min < kt + j, k = 0,... ,m 

[ j=0 

On the mirror side, we have 



X 



m 

E 

j=0 


tVj)zi 


Notice that X is a smoothing of the singularity Xp. If ai(f),..., am{t) are the 
complex roots of the polynomial, let rj{t) = log \ aj{t)\. Then the discriminant 
locus of / is the set of points A = {(0, rj{t)) | j = 1,..., m} (see Figure |^. 


. X---X— ■ 


Figure 4. The base of the Lagrangian hbration on X 

Let us now do some 3-dimensional examples. 

Example 2.10. Let P = Conv{(—1, —1), (1, 0), (0,1)} with its unique maximal 
subdivision (see Figure]^. Then X is an open set in the total space of the 
canonical bundle of P^. Let u be the unique piecewise affine strictly convex 
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Figure 5. The polytope P (left), 
amoeba (right). 



function such that i^(—1, —1) = z^(l,0) = z/(0,1) = 1 and z^(0,0) = 0. Then we 
have 


i>(s, t) = min{0, —s — t + 1, s + l,t + 1} 
and the corresponding tropical curve T is as in Figure The mirror is 

X = {xy = tz^^Z 2 ^ + tzi + tz 2 + 1} 
and the discriminant locus of / : X-£ —)■ is a thickening of T. 


Example 2.11. For some positive integer d, let 

(12) P = Conv{(0,0),(0,2),(2d,0)} 

together with some maximal subdivision and a piecewise affine strictly convex 
function u (see Figure]^ for an example when d = 3). We then have X as an 
open set in the corresponding toric variety. Its mirror X has equation 

(13) X = {xy= 

jePnz2 

Notice that X is a smoothing of the 742d-i-singularity whose equation is given 
by xy = z^ + 


( 0 , 


( 0 , 




Figure 6. The polytope P and the corresponding tropical curve. 






































ON HOMOLOGICAL MIRROR SYMMETRY OF TORIC CALABI-YAU THREEFOLDS 17 


3. Lagrangian sections and line bundles 


In this section we give a precise and explicit classification of the space of 
sections, np to isotopy, of the torus fibration / : X —)■ M"' and we construct a 
Lagrangian representative for each class. We then give a conjectural homolog¬ 
ical mirror symmetry correspondence between sections of / and line bundles 
on Xs- In dimension 2, Chan and Ueda |ll] construct a wrapped Fukaya cat¬ 
egory generated by these sections and prove that the correspondence gives an 
embedding of the category into the derived category of coherent sheaves of X. 

3.1. Line bundles on X. Line bundles on toric varieties correspond to support 
functions modulo linear functions. Recall that a support function is an integral 
piecewise linear function 0 : |S| —)■ M defined on the support |S| of the fan. 
Denote by S(l) the set of 1-dimensional cones of S and for every p G S(l), 
let Up be the primitive integral generator of p and let Dp be the toric divisor 
corresponding to p. Then 0 gives the Cartier divisor 

(14) D^= (t>{up)Dp. 

P6E(1) 

Here we use a sign convention which is opposite to the one in [T7] and [16] . We 
denote the line bundle corresponding to by 

Two support functions define the same line bundle if and only if their dif¬ 
ference is a linear function. In our case, where the fan S in M x X® is defined 
from a convex lattice polytope P C Xr and a smooth subdivision of P, support 
functions on S are in a one-to-one correspondence with integral piecewise affine 
maps on P, whose domains of affineness are unions of the simplices Pj of the 
subdivision. In fact, given a piecewise affine map 0 : P —)■ M, the corresponding 
support function is defined as (j){t, tp) = t(j){p) for all p E P. Vice versa, given 
0, we have that 0 = 0|{i}xP is piecewise affine. By slight abuse of notation we 
will continue to call a piecewise affine function 0 on P a support function. 


Definition 3.1. In the two-dimensional case, P = [0,m] with Pj = + for 

j = 0,..., m — 1. Given a support function 0 on P, let kj G Z be the difference 
between the slopes of (j)\p. and 4>\pj_i for j = 1,..., m — 1. Then the m — 1-tuple 
K = {ki,... ,km-i) uniquely determines the function 0 up to addition of an 
affine function. In dimension 3, let 0 be a support function on P and let e be 
an interior edge in the subdivision of P. Let m0,m“ G M be the linear parts 


of 0|p+ and 0|p- respectively (see ^2.2 for notation). Then 




rUg ,ne) = 0, 


i.e., we must have that 

(15) — m~ = keUe 


for some fcg £ Notice also that fcg does not depend on the sign of Ue- We call 
kg the kink of 0 along e. If we let S be the collection of all bounded edges of T, 
we then have a collection of integer numbers K = {ke)e&s‘- We call a collection 
K of integer numbers associated to a support function on P the kinks of 0. 
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In dimension 2, every interior point j = 1,... ,m — 1 of P corresponds to 
toric divisors Dj = of X. Let Lk he the line bnndle on X corresponding to 
K = {ki,..., km-i). Then we have 

(16) ’CjkIdj = Opi^kj). 

Similarly, in dimension 3, every vertex in the snbdivision of P corresponds 
to a toric divisor of X and every interior edge e corresponds to a compact 1- 
dimensional toric stratnm, which we denote by Pi. If P and D' are the two toric 
divisors corresponding to the vertices of e, then Pl = P fl P'. \i K = (fce)ee<r 
is the set of kinks of a snpport fnnction 0 and is the corresponding line 
bnndle, then 

'^A'lpl = C)pi(/Ce)- 

So the kinks ke are the intersection nnmbers of the line bnndle with one- 
dimensional strata. 

Let ^ be the set of bonnded components of Mp — L. Clearly P G if and 
only if vc is an interior vertex of the snbdivision of P. Notice also that e is an 
edge of dC if and only if vc is a vertex of e. Fix an orientation of C. If {ke)e&s 
is a set of kinks of a support function 0, then we must have 

(17) Ce ke Ue = 0, 

eC9C 

where eg = 1 if rig agrees with the orientation of dC, otherwise Cg = —1. For 
every P G dehne the map 0c : —)■ M by 

0c((fce)ee<?) = ^ eekeTle. 

eCdC 

Now dehne d* : -)■ by 

(18) <F = (0c)ce'^- 


Lemma 3.2. The group Pic(X) is isomorphic to kerd). 

Proof. Given a support function <p, from ( [It) ) it follows that its kinks {kfjees 
belong to ker<h. Moreover if we add to 0 an affine function, these numbers do 
not change. On the other hand, given a collection {kf)e&s in her <F, £x a simplex 
Pq in the subdivision and set 0|pg = 0. Then equations (15) uniquely determine 
a support function 0. □ 


3.2. The space of sections on X. We have given three slightly different 
constructions of the space X and the hbration /: through the formulas ([^ 


and ([^, via the topological construction of § 2.4 or as the space X{B) 


m 


Example |2.5[ We will freely switch from one construction to the other. 

Let us consider an affine manifold with singularities (P, A, £/) from Exam¬ 
ple |2A and the associated space X(B) together with the Lagrangian hbration 
/ : X{B) —)■ B. Denote by i : Pq P the inclusion. It can be shown that the 
space of sections of /, up to isotopy, is classihed by P^(P, t*A*). This can be 
seen as follows. Let {Pj} be a good cover of P. Then if a is a section, we can 
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locally lift a\u^ to a section cTj of T*B. Then, on overlaps, = <Ji — aj defines 
a cocycle [a] G L^h*) (see [IH], §3). It can be seen that [cr] = 0 if and 

only if cr is isotopic to the zero section. 

We now explicitly compnte H^{B,l^A*) in the cases dimM® = 1 and 2. 
Observe that has a globally defined section, namely dt, corresponding to 
the fact that X{B) has an S'^-action. Let ns take the quotient by the constant 
subsheaf spanned by this section (= Z), i.e., we have a short exact sequence 

0 ^ Z ^ ^9^0 

for some sheaf 9- Now notice that at a vertex p of A, 9p = 0, since l^A* 
has stalk Z at p. Therefore H^{B, 9) = 0. The long exact sequence in the 
cohomology of sheaves gives 

H\B, i,A*) = H\B, 5). 

We now show how to compute H^{B,Q). Let us construct a constructible 
sheaf S' on B, supported over T, as follows. Assume first dim Mr = 2. On a 
small neighborhood U oi a vertex of T, 9^^^) = M. When U is a neighborhood 
of a point in the interior of an edge e, then 9^(f^) = M/Zug. Restriction 
functions are just projections to the quotients. We set S' to be zero outside of 
T. When dim Mr = 1 and A has k points, then we let 9^ be M = Z at the 
points of A and 0 away from them. We have the following: 


Lemma 3.3. In both cases, dim Mr = 1 or 2, there is a short exact sequence 
(19) 0 ^ M ^ M°(9', B) ^ M^(9, B) 0. 


Proof. It can be easily seen, from the expression of monodromy ( [II| ), that 9 |bo 
can be identified with the constant sheaf M. If dim Mr = 2, recall that A is 
homeomorphic the tropical curve T C Mr. It is convenient here to identify 
A with T. It follows from the monodromy formula 0 , that over a small 
neighborhood t/ of a point in the interior of e, S{U) = Zug. Therefore we have 
a short exact sequence 

0^9^M^9'^0. 


The corresponding long exact sequence gives (19). When dim Mr = 1 and S' 
is dehned as above, then the same sequence also holds. □ 


It is clear that when M = Z and A has k points, then H^{S',B) = lA. So 
we conclude that H^{B, l^A*) = 


Example 3.4. It is easy to compute H^{B, t*A* 
from Example 2.10 Observe that in this case I 


) in the case B is constructed 
— T has only one bounded 
component, which we denote C. Let ei = (1,0), 62 = (—1,1) and 63 = (0, —1) 
be integral primitive tangent vectors to the edges of T which bound C. Let 
Pi = (-1,-1), p 2 = (2, —1) and pa = (—1, 2) be the vertices of T. Elements of 
H^{B, S') can be found as follows. For every vertex pj of T choose an element 
rrij G Z^: pj 1 —>■ mj. Then, these choices give an element of H^{B,S') if and 


only if there exist rij G Z such that 


ruj+i — rrij = njCj, j = 1, 2, 3 
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and the indices are assnmed cyclic. It is clear that snch a system has solntions 
if and only if 

3 

njCj = 0 , 

which holds if an only ii ni = n 2 = = k for some fc G Z. Once this condition 

is satished, then we have a nnique solntion for each choice of k and initial choice 
irti G T?. So H^{B, S') = corresponding to a choice of k and of mi. We 


conclude, from Lemma 3.3 that for this example 

= Z. 

The argument of the previous example can be generalized as follows. Let 
$ : Z^ —>■ be the map dehned in (18). Then we have 


Lemma 3.5. When (5, A,.A) is as in Example 2.5, then 


H\B,l^A*) =ker<l). 

This establishes a one-to-one correspondence between line bundles on X and 
sections of X. 


The proof uses the same argument as in Example 3.4 


3.3. Topological construction of sections. We give an explicit construction 
of the sections, which will also explain the result of the last lemma. For this 


purpose we use the topological construction of 12.4 Recall that the hbration 
f:X^R X M]r was dehned as the composition oi a : X ^ Y and the T" ^ 
hbration E —)• M x M®, where Y = R x Mr x (Mr/M). The map a is the 
projection on the quotient with respect to an R^-action. The hxed point set 
of the action is a set S, which is a hnite set of points in dimension n = 2 or 
a surface in dimension n = 3. The strategy for the construction of a section 
of / is as follows. First construct a section a of Log : Mr x (Mr/M) —)■ Mr 
such that d'(MR) fl S' = 0, then extend it to a section cry of E —)■ M x Mr 
which coincides with a on {0} x Mr. Finally lift cry to a section cr^ of /. 
Notice that the last two steps are easy. In fact, to extend cr to cry one can 
dehne cry (t, q) = (t, ct(g)). Moreover any two extensions are isotopic (outside of 
{0} X Mr there is no constraint on cry). Notice that a restricted to the image 
of cry is a trivial Shbundle, since the image of cry avoids {0} x S. Then a lift 
ax exists and any two lifts are isotopic. In the following we will denote by cr 
the section of Log and by cr the hnal section of /, i.e., a = ax- We call a the 
reduced section. So let us construct sections cr : Mr —>■ Mr x (Mr/M) such 
that ct(MR) n S' = 0. 


3.4. Sections in dimension 2. In dimension 2, assume M = Z. Then we have 
E = MxMx S^. Let T = {0,1,..., m} C M and S = {(0, z),..., (m, i)} C Mx S^ 
(we think of S^ C C). We construct reduced sections ct : M —)■ M x S^ avoiding 
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S. For every m-tuple of integers K = {ki,, km) define 

J (s, ^_x<s<r, r = 

^ y (s, 1) otherwise 

Then ct^ is a well-dehned section such that cti^(M) fl S' = 0 (see Figure 
for a picture of a section). In the case K = (0,... ,0), we will consider the 
corresponding section as the zero section and denote it by cto. We will call the 
numbers K the twisting numbers of the section. Two sections ax and ctk' are 
isotopic if and only ii K = K' (see discussion below). 








Figure 7. The section a (red line) and the set S (blue crosses). 


3.5. Sections in dimension 3. We consider the surface S C x (M^/M) 


as constructed in (2.4 The zero section cto : t Mr x (Mr/M) does not 

intersect S. In fact neither the circles 8e nor the 2-chains Tp contain 0 G Mr/M. 
To construct a general section proceed as follows. For every bounded edge 
e C F, choose an integer kg. If ,P~ are the two vertices of e corresponding to 
and P~ respectively, then dehne 

(20) a((l - t)p+ -7 tp~) = ((1 - t)p+ -7 -[keUet]), 


so that ct|e wraps —k^. times around the cycle Ue in the hbre Mr/M. Clearly 
a(e) n 5 = 0. It is also clear that He is the only cycle around which ct|e can 
wrap non-trivially if we want ct(e) fl S' = 0. When e is an unbounded edge, 
simply let aje be the zero section. Clearly this gives a well-dehned section 
O' : F — )■ Mr X Mr/M, which we want to extend to all of Mr. If (7 is a bounded 
component of Mr — F, then an extension of a to a : C —)■ Mr —>■ Mr x (Mr/M) 
exists if and only if 


( 21 ) 


Ce ke He = 0. 

eC9C 


where Cg = 1 if rig agrees with a hxed orientation of dC, otherwise Cg = — 1. It is 
now clear that an extension of a to all of Mr exists if and only if the set of choices 
{ke)e&s G her 4) as in Lemma 3.5 We call the collection K = {ke)e&s G her 4) 


the twisting numbers of the section. 


Lemma 3.6. Let a and a' be two sections of the Log map constructed as 
above from the twisting numbers {ke)ee£ and {k'^e&S' respectively. Then the 
two corresponding sections a and a’ of / are isotopic if and only if 

(22) {ke)e&S' = (fcg)ee^- 
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Proof. It is easy to show that an isotopy of sections between a and a' exists if 
and only if there exists an isotopy d*, t G [0,1] between the rednced sections a 
and a' snch that 


n S' = 0, for all t G [0,1]. 


(23) 

It is also not difhcnit to show that if (22) holds, then snch an isotopy exists. 

On the other hand snppose a* exists, satisfying (23). Denote by r : Mr x 
(Mr/M) — )■ Mr/M the projection onto Mr/M. Fix a bonnded edge e C F and 
let 6e be the 1-cycle defined in (|^. Condition (23) implies that (r o ct*)(e) C 
— 6e for all t G [0,1] and all edges e C F. Now denote by a, o' and d* a choice 
of lifts to Mr (the nniversal cover of Mr/M) of the maps r o a, r o o' and rod* 
respectively snch that d* is an isotopy between d and o'. Consider a bonnded 


\» 



Figure 8. The lift o{dC) (continnons line) and the lifts of 6e (dashed). 


component C of Mr — F. Then o{dC) (resp. d'{dC)) is a closed polygonal 
cnrve in Mr with vertices in M and with an edge parallel to rig and of length 
\ke\ (resp. |fcg|), for every edge e C dC. Snppose that (22) doesn’t hold. Then 
there mnst be at least one bonnded edge e of F snch that d(e) and d'(e) lie on 
parallel bnt distinct lines in Mr with slope Ug and containing integral points. 
Notice that lifts of Sg are also parallel lines with slope Ug, bnt never intersecting 
M. Fignre depicts this sitnation when C is a standard symplex. It can now 
be seen that if d(e) and d'(e) he on parallel bnt distinct lines, then d*(e) mnst 
intersect a lift of 6g at some point, for some valne of t. This is a contradiction 
and thns we have proved the lemma. □ 

Thns the isotopy class of a section is nniqnely determined by the twisting 
nnmbers K = (fce)ee^ ^ herd). We denote by ok the rednced section and by 
Ok the corresponding section of /. 

3.6. Lagrangian sections. Let {B, A, £/) be the affine manifold with singn- 


larities of Example 2.5 Then let X{B) be the symplectic compactification of 
Xq{B) as constrncted in [7j, with Lagrangian fibration / : X{B) —B (see 
Theorem 2.3). Here we will constrnct an explicit Lagrangian representative for 
any class [a] of a section in the space M^(i?,i*A*). We point ont that X{B), 
as constrncted in [7], does not contain the fnll Xq{B), bnt the slightly smaller 
snbset X^{B). Nevertheless onr sections will be constrncted so that they coin¬ 
cide with the fixed zero section on a neighborhood of the disks Dy- containing 
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the vertices of A, so that we will never have to worry about the technicalities 
of the hbration near a vertex of A. For this reason, in what follows, we will 
continue to work on Xo{B) instead of the smaller set X^{B). By construction, 
X{B) and / have the following properties: 

a) There is a Hamiltonian S'^-action on X{B) whose hxed point set co¬ 

incides with Grit/. Let fi : X{B) —)■ M be the moment map of this 
action. Then, for all t G M, / restricted to is the composition of 

the quotient map a : —)■ with a regular hbration 

/ : — )■ {t} X Ar C B. Moreover Grit / C 

b) Restricted to Xq{B) the S'^-action coincides with translations in the dt 

direction, i.e., ■ {b, [rj]) = {b, [r] + sdt]), for all b E Bq and rj G T^Bq. 

c) There exists a smooth Lagrangian section do : R —)■ X{B) which extends 
the zero section on Xq{B). 

Notice that from (6) it follows that jj, restricted to Xq{B) is just the coordinate 
t. Let us denote 

A(R),ed = /i"'(0)/^' and X,{B\,^ = n Xo{B))/S\ 

It follows from (&) that 

(24) Xo(R)red = (iVR - A) X Mr/M 

and the hbration / : Ao(R)red —t {0} x Ar is just the projection. Inside X (Rjred 
dehne the surface 

S := Q;(Grit /). 

Via symplectic reduction A(i?)red comes with a reduced symplectic form which 
blows up along S. The section (Tq induces a reduced section ho : Ar —)■ A(i?)red 
given by ho(&) = q;((Jo(0, b)). Since (Tq is a section, it must avoid Grit /, therefore 
ho(AR)nA = 0. 

Let K = {ke)e&s G her $ be a set of twisting numbers determining the isotopy 
class of a section in H^{B, These numbers also determine the support 

function (px : T* —)■ M of a line bundle on X. Since we now hx the support 
function, in the following we set 0 := px- 

Lemma 3.7. The function 0 can be extended, as a continuous piecewise affine 
map, to the whole of Ar. 

Proof. First we dehne a subdivision of Ar. Fix some euclidean metric on Ar 
and orientation of P. For every edge E of P, let n'^ G Ar be a non-zero vector 
which is orthogonal to E and points outside of P . If P is another edge of P 
and n G P n P is a vertex of P, let Qy be the inhnite polyhedron bounded by 
the two rays emanating from v in the direction of n'^ and n'p. If e is an edge in 
the subdivision of P contained in an edge P of P, dehne the inhnite polyhedron 

Qe = {p + tn'^, P G e, t > 0}. 

Glearly the polyhedra Qy and Qe, together with the polyhedra of the subdivision 
of P, dehne a subdivision of Ar. Notice that Qy and Qe are not necessarily 
integral polyhedra, but this will not matter. Let us extend 0 as follows. On 
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the polyhedron Qy dehne 0 to be the constant function equal to 0(n). On 
dehne it to be 

0(p + tn'^) = 


This dehnes an extension of 0. 


□ 


Remark 3.8. Given the above subdivision of and the extension of 0, we 
can extend the dehnitions of (see the end of ^2.2), and the dehnitions of mf 
and ke (see Dehnition 3.1) also to the boundary edges in the subdivision of P. 
The only difference is that in the case P^ is one of the unbounded polyhedra, 
then mf and kg may not be integral, but this will not be a problem in the 
following construction. 


We now want to dehne suitable smooth approximations (f)e of (j) depending 
on e > 0 and then dehne the reduced section as the graph of The main 
idea is to modify 0 only near the 1-skeleton of the subdivision of iV®, i.e. we 
only smooth out the corners of 0, so that sufficiently away from the 1-skeleton it 
remains affine. This implies that the reduced section will coincide with the zero 
section on a neighborhood of the negative vertices of the discriminant locus A. 
This is convenient since it automatically implies that it extends to all singular 
hbres in this neighborhood, without further work. The most technical part will 
be to show that the section extends to singular hbres over the edges of A, this 


is proved in Lemma 3.14 


A standard way to smooth a function is to use the convolution product with 
a so-called “molliher”. Choose on A® an auxiliary inner product, giving a norm 
II ■ ||. Dehne the following smooth, compactly supported function on A®: 


(25) 


Hg{x) = 


^exp 


if ||a;|| < e; 


0, otherwise 


where Ag is some constant chosen so that = 1- This is an example of a 

molliher. 

Now recall that the convolution product of fig with a continuous function 
h : A]r —)■ M is dehned by 


(26) 


h * figiyX) 


h{y)fig{x 


' N-g, 



y)fig{y)dy. 


It is well known that h * fig is smooth and converges to h in the G°-topology 
on every compact subset of Ar as e —>■ 0. We also have the following easy fact 
whose proof we leave to the reader: 


Lemma 3.9. If h is affine, then h * fig = h. 

We now dehne 

^g = (j)* fig. 

These functions dehne smooth approximations to 0. 
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Definition 3.10. We will denote by Skefi the 1-skeleton of the snbdivision of 
described Lemma 3^ and by 

Ve = e-neighborhood of Skefi . 

Then we have 

Lemma 3.11. The fnnction coincides with 0 ontside K. 

Proof. It is clear from the definition of /ig and of the convolntion product that 
0e(a:) only depends on the values of 0 in an e-ball centered in x. If the distance 
between x and Skefi is greater than e the n 0 is affine on an e-ball centered at 
X. Therefore 4>e{x) = 4>{x) by Lemma 


3.9 


□ 


For X G and e > 0 denote by B^{x) the open ball of radius e centered at 
X. Given an edge e of the subdivision of P, let 

(27) Ue = {x E iV]R I i?e(x) is contained in the interior of P/ U P^}, 


where Pf' and Pg are as in ^2.2 (see also Remark 3.8). 

Lemma 3.12. If e is such that Ug is not empty, then 
(28) d^gluMe) = = {mf.rie), 

where mf are as in Definition |3.1 (see also Remark 3.8). In particular, for every 
X G Pg) {d4>g)x is a point in the affine line 

{m G Mr I (m — mf, rig) = 0}. 

Proof. Since {mf — m~,ng) = 0, we have that cf — mf is constant along the 
edge e. Moreover, the directional derivative of 0 in the direction rig is well- 
defined on the subset Pg+ U Pp and it is equal to {mf,nf). In particular it is 
well-defined and equal to {mf,nf) on Bg{x) for every x G Ug. Therefore for 
every x E Ug: 


{d(j)g)xiPe) 


(t){x-y + tng)^g{y)dy = 


Yr 


□ 


= / {rnt,nf)yg{y)dy = 

where the second equality follows since we can assume x — y E Bg{x). 

At the end of Example |2.5| we observed that the one-forms in a fibre TfB/Af. 
which are monodromy invariant with respect to monodromy around e are of the 
form [adt -|- m], where m G kerng. As explained in point (b) at the beginning 
of the section, translations in the dt direction generate the P^-action, so we 
can view kerug as the quotient by the P^-action of the space of monodromy 
invariant one forms around e. Notice also that [d{(j)g — rnf)x] naturally lives in 
the quotient by the P^-action (i.e., moddt). So we have: 

Corollary 3.13. For every x E Ug, [d{(f)g — mf)x] is contained in kerug , i.e. in 
the quotient by the F^-action of the space of monodromy invariant one-forms 
around e. 
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We now fix e so that: 


i) for every edge e of A, e C t/g; 

ii) the closure ¥ 2 ^ of V 2 e does not contain any vertex of A. For every vertex 
p G A, we let Wp be the connected component of Ar — containing p. 

We can also assume the following 


hi) the disks D^- of Theorem 2.3 
in Ar - V' 2g 

HD- 


where / fails to be smooth, are contained 

see also 


which is a closed set inside the union of the PFp’s 


From (24) it follows that the map 


<70 : Ar — a — Ao(i?)red 


X HA {x, [{d(j),)^]) 


dehnes a Lagrangian section, which we call the graph of dcf)^. Notice also that 
the same section is dehned by the graph of (i(0g — m+). 


Lemma 3.14. With the assumptions (i)-(iii) above, the Lagrangian section 
cr 0 : Ar — a —)■ Ao(i?)red, extends to a smooth Lagrangian section : Ar — )■ 
A(i?)i.ed such that 

ct 0 (AR) n ^ = 0 . 


Proof. On every connected component of Ar — V), , we have that the map 
X HA {d(j)f)x is constant and it maps x to the slope of 0. This follows from Lemma 


X is in a bounded component of Ar — 10, then {dcff)^ G M. This implies that 
on bounded components of Ar — 10, a coincides with the reduced zero section 
do- Therefore, on bounded components of Ar — 10, i-e., those which contain 
the vertices of A, extends as required. We need to show that extends 
also over A fl 10 and on unbounded components of Ar — 10. 

Consider an edge e of A. It follows from (i)-(iii) above that, inside M x 
Ar, there is an open neighborhood U of the closure of e fl 10, over which the 
Lagrangian hbration / is smooth and such that U fl ({0} x Ar) is contained in 
Ue- Let us restrict our attention to the hbration fu := f\f-i(u)- The singular 
hbres of fu are of the type which are called generic-singular in [7] . This means 
we can describe fu as is done in Section 3 of [6]. Namely, let A C C be the unit 
disc. Then, by taking a smaller U if necessary, we can assume U = D x (0,1) 
and A n t/ = {0} x (0,1). Let b = bi + ib 2 be a coordinate on D and r G (0,1), 
then (6, r) are coordinates on U. The periods of the hbration fu are given by 
the multivalued one-forms 

Ai = — log\b\dbi + ATg{b)db2 + dH, 

(29) A2 = 27rdb2, 

As = dr, 

where A is a smooth function on U. Now let A* = span2(Ai, A2, A3). Notice 
that Ai blows up over A. Therefore, A* has rank 2 over A. There is a hbre 


3.11, since 0 is affine on every connected component of Ar — 10. Moreover, 
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preserving symplectomorphism between T*U/A* and f~^{U) — Crit/{/. The 
S'^-action corresponds to translation along A 2 . Therefore, in these coordinates 
the moment map is given by 62 • The space of monodromy invariant one-forms is 
spanned by A 2 and A 3 . Now let us consider the function 0^ in these coordinates. 
First of all it is defined only on the slice {62 = 0}, so it depends on bi and r. 
Then Corollary 3.13 implies that 

d{(f)e — m^) = h{r)dr 


for some function h{r). This section clearly extends over A to a section which 
avoids Crit fu. Since unbounded components of Ar — only contain parts of 
unbounded edges of A over which the fibration is smooth, the same argument 
shows that ct<^ extends also here. □ 


Finally we can prove the following 


Theorem 3.15. Let K = (fce)ee<? be a collection of integers representing a class 
[ uk ] in the space of smooth sections H^{B, Then this class has a smooth 

Lagrangian representative. 


Proof. Using a smooth approximation of the support function (j) associated 
to K, we have constructed in Lemma 3.14 a section : Ar —)■ A(i?)red of the 
reduced fibration /. Any lift : Ar —)■ of d,/, to the S'^-hbres of the 

S'^-action dehnes a 2-dimensional isotropic submanifold of X{B). Using the 
isotropic neighborhood theorem it is easy to show that this lift can be extended 
to a genuine section : M x Ar —>■ X{B). 

We need to show that is in the class represented by K. Let C be some 
bounded component of Ar — A and let e be an edge in the boundary of C, 
whose vertices are p"*" G Pff and p~ G P~ . By construction m^, m“, ke and Ue 
satisfy (15). Lemmas 3.11 and 3.12 imply that as x moves along a curve in Ue 
from a point in Wp- to a point in Wp+, {d(j)e)x moves on a straight line with 
slope Ue from the point m~ to the point mf. In other words, along this curve, 
the section winds ke times around the cycle Ue- □ 


3.7. The mirror correspondence. We have seen that line bundles on X and 
Lagrangian sections on X are both characterized by an (m —l)-tuple of numbers 
K = (/ci,..., km-i) in the 2-dimensional case or by a collection K = {ke)ees m 
ker $ in the 3-dimensional case. We conjecture the following: 

Conjecture 3.16. The Lagrangian sections generate a suitable derived Fukaya 
category such that the correspondence which maps the sections ax to the line 
bundle induces an embedding of this category in Ti^Coh{X). 

In the two-dimensional case, this conjecture has been proved by Chan and 
Ueda [H], where the morphisms in the Fukaya category are dehned using a 
wrapped Floer homology. 

Here are some examples. 
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Example 3.17. In the two dimensional case (Examples 2.9 and ^3.4), let m = 


2, then X is the total space of Opi(—2) with only one compact divisor divisor 
D. Then the Picard group of X is Z. The zero section corresponds to structure 
sheaf 0^. Line bundles of the type Ox{lD) correspond to sections a 2 i ■ 


Example 3.18. Consider P as in Example |2.10[ where X is an open set in 
the total space of 0 p 2 (—3). Then Pic(X) is Z as well as the group of sections 
(cfr. Example 3.4). Let ei, 62 and 63 be the integral tangent vectors to the 


bounded edges of P chosen as in Example 3.4 A support function 0 on P, up 
to the sum of a linear function, is uniquely determined by an integer k. Let 
Tfc be the corresponding line bundle on X. The corresponding section of X is 
determined by twisting numbers = kf.^ = k^.^ = —k. Letting P = be 
the only compact toric divisor of X, the line bundles on X of the type Ox{lD) 
correspond to k = —31. 

Example 3.19. Let us consider the case of the smoothing of A 2 d-singularities 


of Example 2.11 


X is given by equation (13). 
d- 


Here the polytope P is given by (12) and the smoothing 
In this case a simplicial subdivision of P 

1 


Hence X has d 


has 

compact toric 


L interior points, which we denote Cj 
divisors Di,... ,Dd-i. Notice that the subdivision can be chosen so that Dj 
is isomorphic to the one point blowup of the Hirzebruch surface e.g., as in 
Figure for the case d = 3. Using Lemmas 3^ and |3.5 one can show that the 
group of sections on X and Pic(X) are isomorphic to Let Ui,..., Cd-i be 
the bounded components of — T. Label the edges of Cj by e^i,..., e^s as in 
Figure and orient them in anticlockwise order. Clearly we have e^i = e(j_i )4 
for j = 2,... d—1. Bundles on X of the type Ox{lDj) correspond to the support 


ej2 



Cji 


Figure 9. 

function (j) on P such that 4>{cj) = I and (j) is zero on all other vertices of the 
subdivision. A calculation shows that these line bundles have the following 
intersection numbers: 

kj\ (j 2)/, kj2 kj^ /, kj4. (j T1)^; 2/ 

= ^(i-i)5 = l-i ^0+1)2 = ^0+1)5 = I- 


All other intersection numbers are zero. 
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3.8. Translation by a section. Notice that the sections constructed in The¬ 


orem 


3.15 have the property that they all coincide with the zero section in 


a neighborhood of every negative vertex. In Theorem 1.2 of [8] it was proved 
that a Lagrangian section a with this property induces a unique hbre-preserving 
symplectomorphism T„ ■. X ^ X which maps the zero section to a. We call this 
symplectomorphism “translation by a section”, since it behaves as a translation 
on smooth hbres, in particular we have that 


Ta^CTK' — CTR+K' 

for all pairs of twisting numbers K and K'. 

It has been conjectured that translation by a section should be mirror to ten- 
soring by the corresponding line bundle. Theorem 1.6 of jS] gives some evidence 
of this by showing that there is only one autoequivalence of the bounded de¬ 
rived category of coherent sheaves which preserves skyscraper sheaves (mirror 
to hbres) and which sends the structure sheaf to a line bundle. 


4. Lagrangian spheres 


In this section we will construct families of Lagrangian spheres in X. As in 
the case of sections, we hrst give a topological construction. In this case it is 
convenient to use the construction in §2.4 of the hbration f : X —)■ M x M®. Let 
C be a bounded connected component of Mr —T and let A : (T — )■ Mr x (Mr/M) 
be a section of Log such that A(c}C') C S. Then we dehne 

(30) Lx = a-\X{C)) 

where a : X ^ Y is the projection over the quotient and we think of 
Mr X (Mr/M) as {0} X Mr X (Mr/M) C M X Mr X (Mr/M) = Y. Since C is 
homeomorphic to an {n — l)-ball and the hbres of a|A(c) circles collapsing 
to points at the boundary of C, we have that L\ is homeomorphic to 5”. This 
construction was also suggested by Chan in 


4.1. Spheres in dimension 2 

the total space of Opi(—2 ) and we use the notation of 
for some fc G Z dehne 


We look at the case w here X is an open set in 

Let C = [0,1] and 


Afc(s) = s,e 




Then we have that \{dC) C S and = S'^. We simplify notation by renaming 
Lx^ by Lfc and we call k the twisting number of the sphere. If we view X as in 
equation ([^ and deform the polynomial ht so that it acquires a double root, 
then X becomes singular with an ordinary double point. As a consequence, the 
singular points of the S'^-action come to coincide and the sphere Lq vanishes, 
i.e., it represents a vanishing cycle. The other spheres Lk are twists of the 
vanishing cycle. It is not difficult to show that if denotes translation by the 


a section at, (see ):3.8), then we have 


(31) T„^{Lk) = Lk+t- 

We also point out that this construction automatically gives Lagrangian spheres. 
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4.2. Spheres in dimension 3. We use the same notation as in ^2.4 
fix a bounded component C of Mi 


We 


r. Let vc be the unique vertex in the 
decomposition of P corresponding to C. The tangent wedges to the simplices 
in the decomposition of P which contain vc form a complete fan Sc in An 
edge e C dC corresponds to an edge e which emanates from vc- 


Definition 4.1. For every edge e emanating from vc, let eg G {1, —1} be such 
that egUg points outward from vc- A continuous function i? : |Sc| — )• M is said 
to be a semi-integral support function if its restriction to every maximal cone 
of Sc is linear and for every edge e emanating from vc we have 

(32) {t^eeUe) = - mod Z. 

Recall that every bounded edge e of F bounding a connected component C 
of Mk — F represents a 1-dimensional toric stratum Pg of X which is also a 
subvariety of the divisor Dq corresponding to C. 


Definition 4.2. A set of twisting numbers for the bounded component C is 
a collection i := {ie)ecdc given by assigning to every edge e bounding C an 
integer such that 

a) ie has the same parity as the self-intersection number of Pg inside Dc] 

b) the numbers ie satisfy the following balancing condition 

(33) Ce 4 ne = 0, 

eCdC 

where Ce = 1 if Ue coincides with a fixed orientation of dC, otherwise 

Ce = -1. 


To any semi-integral support function i?, we can associate its set of kinks 
as follows. For every edge e emanating from vc, denote by and 6~ the 
restriction of H to the tangent wedges of Pf' and P~ respectively. Then there 
exists an integer ie, the kink of d at e, such that 

(34) ~et - = |ne. 

We have the following: 

Proposition 4.3. The kinks {ie)ecdc of ^ semi-integral support function on Sc 
define a set of twisting numbers for C. Moreover any set of twisting numbers 
{ie)ecdc determines a semi-integral support function on Sc which is unique up 
to adding an integral linear function. 

Proof. Assume for simplicity that for all edges e emanating from vc, n^ points 
outward from vc- Fix an edge e emanating from vc- Let e"*" and e~ be the edges 
of Pf' and P~ respectively, different from e, which emanate from vc- Denote 
by be the self-intersection number of Pg inside Dc- Then, from toric geometry, 
it follows that 

(35) 


Uz- 
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Moreover, since {ne,?T.g+} form a basis of N and Ug is primitive, we have 
(36) {ne,ng+)=±l. 


Now let 6 '^ and 6 ^ be linear functions such that (34) holds for some integer £g 
Assume also that 6 t satishes 


(37) 


{9g,ne+) = - mod Z and {9'^,ne) = - mod Z. 


Then we claim that ig and bg have the same parity if and only if 6 *g satishes 
(38) {9g,ng-) = - mod Z and {9~,ng) = - mod Z. 


The second equality of ( Hows directly from the second equality of (37) 



and from (34). From (34), (^35^ and (36) it follows that 


(39) 


{9g , ng-) = {9^ - -^Ug, -ng+ - bgUg) = 

= -idt^^e+) -be{9t,ng) ± y. 


If bg and £g have the same parity, then this equality and equation (37) imply 


(38). On the other hand, if (38) holds, then this equality and equation (37) 


imply that tg and bg have the same parity. 

In particular we have proved that the kinks of a semi-integral support function 


must satisfy (a) of Dehnition 4.2 Point (b) follows from (34). 



Figure 10. The cyclic indexing of vertices and edges of dC. 

Given a set of twisting numbers (G)ecC 5 we construct a semi-integral support 
function as follows. Let us hx a cyclic, anti-clockwise ordering of the maximal 
cones of Sc. Let us label the j-th maximal cone by z/j, with j G 1,..., r and 
by ej the edge in the common intersection of Vj and z/j+i (see Figure 10). Let 
6*1 G Mk be a linear function such that 


{Kng,) = 2 


mod Z and 


(ft."*,) = 2 


(40) 


mod Z. 
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Now define inductively 

(41) 


^j+l ^ 


Ji 


where = 1 if Vj+i is the tangent wedge to P^. and Vj is the tangent wedge 
to P~, otherwise Cg. = — 1. By the balancing condition (33), O^+i = 6i. Dehne 
■d : |Sc| —)■ M by 

= Oj. 

By the argument above, 'd is a semi-integral support function and it is unique 
up to adding a linear function. □ 

Finally, given a set of twisting numbers (f'g)gcac C", we explain how to 
cons truct a sphere. Here we use the topological model of the hbration given in 
12.4 First let us dehne A : dC —)■ x (M^/M) so that \{dC) C S. Let e, 

e~^ and e~ be edges emanating from vq dehned as in the proof of the previous 
proposition and let e, e"*" and e~ be the dual edges in dC. Let and p~ be the 
vertices of dC which are dual to P^ and P~ respectively. Clearly = e fl e"*" 
and = e n e" 


See Figure 11 




Figure 11. 

Recall equation ([^ dehning the cycles 5g used to construct S. Consider the 
unique points in M^/M given by 

(42) 9p+ = 5g n 6f,+ and 9„- = ^g fl 6^-. 

Now dehne A|g as follows 


(43) A|g((l - f)p+ + tp ) = (1 - + tp 


-LUet 

2 


+ 9j. 


Notice that A|g(e) C S'g (cfr. (|^). Moreover, it follows from (35) and the fact 
that ie and be have the same parity that 

Me{P~) = {P~,0p-). 

In particular, we have that X{dC) C S. 


The balancing condition (33) ensures that A can be extended to a section 


A : C —)■ Mr X (Mffi/M). Hence for every set of twisting numbers i = {ie)ecdc 
we have an embedded 3-sphere constructed over C, which we denote Li. It is 
not difficult to see that and are isotopic if and only if i = £'. 
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It is clear from the construction that the spheres constructed over the 


same component C are related via a translation by a section (see (:3.8). In fact 
suppose (Tk is a section with twisting numbers n = (fce)ee<r, then we have the 
following formula 

(44) = L£+2 k, 

where L^+ 2 k. is a sphere with twisting numbers £e + 2ke for all e C dC. 


Example 4.4. Let us look at the case when P is as in Example 2.10 In this 


case there is just one bounded connected component C whose corresponding 
divisor in X is P^. Thus for every edge e bounding C the self-intersection 
number of Pg is 1. We thus have a family of Lagrangian spheres L^, with i an 
odd integer. Figure 12 shows the 2-chains Tp at all vertices of T. From their 


shape it is clear why A|e has to wind an odd multiple of ne/2 around S^- In 
fact suppose starts at point 1 (black dot), then continues to wind along 
the cylinder over the horizontal edge. When it reaches the next vertex, it has 
to go to point 2, so that it can start winding along the diagonal edge. In order 
to move from point 1 to point 2 it has to wind an odd multiple of ne/2. 


3 



Figure 12. The 2-chains Tp at the vertices of T and the con¬ 
struction of L^. 


4.3. Lagrangian spheres. For every semi-integral support function of Sc, 
with kinks £ = (f'e)ecaC) we construct a Lagrangian sphere in X{B), represent¬ 
ing the isotopy class of the sphere L^. In this case we need to use the symplectic 
model of the hbration f : X ^ B as described in 


i.5 


In 


see Theorem 2.3). 

particular here the discriminant locus A is locally codimension 1 near nega¬ 
tive vertices (see Figure]^. In the following we use the same notations as in 


.6 


Notice that in this case C will be a bounded component of iV® — A and 
e will be an edge of A. The main idea is to construct a Lagrangian section 
A : C —)■ X{B)red such that X{dC) C S. Then Lx = a“^(A(C)) is a Lagrangian 
3-sphere. 

We dehne smooth approximations to i? using convolution, as in 
e > 0, let 


6 For 
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where /i^ and * are defined in (25) and (26). Since C C iSd, we regard ■de as 
defined on C. We can now define a Lagrangian section as 

Ag : C —)■ Xo(i?)red 

b HA (6, [{d^e)b\)- 

The goal of this section is to prove: 


(45) 


Theorem 4.5. For e > 0 snfficiently small, the section : C —?• Xo(i?)red 
constrncted above extends by continnity to a map : (F —?• X(i?)red snch that 

a) X,{dC) C 5; 

b) the smooth Lagrangian sphere Lx^ = a:“^(A£(C')) is in the same isotopy 


class of the sphere Li constrncted in 14.2 


The difficnlty here is to analyze the behavior of A^ near the discriminant 
locns. Near the (negative) vertices, the main observation is that the image of 
Ae coincides with some canonical snbset, i.e., the fixed point set of the anti- 
symplectic involntion constrncted in [S]. So, even thongh the discriminant is 
fattened aronnd these points, we do not have to worry abont the behavior A^, 
since it is controlled by this canonical set. Near edges of A one needs to work 
with the local model and check that A^ behaves as desired. 

Recall that Skefi is the 1-skeleton of the snbdivision of Nr constrncted in 


Lemma 3.7 and that K is its e-neighborhood (see Definition 3.10). We choose 
e so that conditions (i)-(iii) listed after Corollary 


3.13 hold. We also let 


Wp = {-6,S)xWp 


be a thickening of Wp inside B, for some 5 > 0. 

It is convenient here to nse the fact, proved in |8], that on X{B) there exists 
a nniqne antisymplectic involntion i : X{B) —)■ X{B) snch that f o i = f and 
which leaves the zero section fixed, i.e., Loao = (Jq. Here, antisymplectic means 
that = —oj. On Xq{B), l is simply the map 


( 6 , [r/]) ^ (5,-M) 


for all h ^ Bf) and rj G T^Bq. In particnlar this implies that every smooth fibre 
f~^{b) contains eight fixed points, one of which is the intersection between the 
fibre and the zero section. Let J be the fixed point locns of t, i.e.. 


J={qeX{B)\L{q) = q}. 

We have that J is a Lagrangian snbmanifold of X{B) snch that f\j : J —)■ i? is 
a degree 8 branched covering of B which branches over A. The branching locns 
is J n Crit /. It also follows from the constrnction in [S] that i is compatible 
with the F^-action, in the sense that 

i(e“ . q) = e-“ ■ i(g) 

for all e*® G and q G X{B). 

We have the following 
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Lemma 4.6. For every vertex p G A, the set / ^{Wp) fl J has hve connected 
components. Two of these are mapped one-to-one onto Wp by / and three of 
them are mapped two-to-one. For every edge e of A emanating from p, there 
is a unique connected component of f~^{Wp) fl J, which we denote by Jg, such 
that 

a) for every small simple loop 7 e C Wp around e, /“^(7e) H Jg consists of 
two disjoint loops; 

b) if e' is another edge of A emanating from p and 7 g/ C Wp is a small 
simple loop around e', then /“^( 7 e') fl Jg is a circle which is mapped 
two-to-one to 7 g/ by /. 


Proof. The hbration / around the vertex p is of negative type. The hrst two 
assertions are proved in [S] (in particular in Example 3.10 the hve connected 
components are computed explicitly). Let e, e' and e" be the three edges of A 
emanating from p. The monodromy formula (11) implies that, given 6 G IF, 


VI 


there exists a basis of with respect to which the monodromy transformations 
associated to simple loops 7 g, 7 g/ and 7 g// around the three edges are given 
respectively by 


/ 1 1 0 \ / 1 0 1 \ / 1 -1 -1 \ 
010 , 010 , 0 1 0 
yooiy \ooi/ \o o i j 


The eight points of / ^{b) = TfB/A* which are hxed by l are given, with 
respect to this basis, by 


( 0 , 0 , 0 ), 







1 1 
2 ’^’ 2 


111 
2 ’ 2 ’ 2 


The hrst two points are invariant with respect to all three matrices, and there¬ 
fore they belong to the two connected components of f~^(Wp) fl J which are 
mapped one-to-one onto Wp. The two points in the second pair are hxed by 
the hrst matrix and are exchanged by the second and third one. This implies 
that they belong to the same connected component of f~^iWp) ft J, which we 
denote by Jg. Notice that /“^( 7 g) fl Jg must be a pair of disjoint circles. On 
the other hand, O Jg is a single circle which covers je' twice, since the 

pair of points is exchanged by monodromy as we move around 7 g/. The same 
happens for /“^( 7 e") 0 Jg. Therefore Jg satishes (a) and (6) and clearly it is 
the unique connected component satisfying them. □ 


Given a cyclic, anti-clockwise ordering of the maximal cones of Sc, let pj be 
the vertex of dC which is contained in the j-th cone (see also Figure 10). Let 
e'j denote the edge of A emanating from pj which is not contained in dC. Then 

Lemma 4.7. The set XefWp. n G) C Xo(i?)red is contained a(/i“^(0) fl Jg/J, 
where Jg', is the connected component of f~^{Wp) fl J described in Lemma 


4.6 
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Proof. Lemma 3.11 applied to i!}^ instead of implies that "de coincides with 


I? on Wp. n C, i.e., with 9j, the restriction of i? to the j-th cone. Therefore, for 
all6e 


'Pj 

Wp^nc 


\,Xb) = {b, [(«,),]) = (6, [9,]) = (6,9„), 


where Op^ is dehned as in equation (42). A point {b,[m]) G Xo(i?)red is in 
a(/i“^(0) n J) if and only if m G \M. It follows from (32) that 6j G |M, so 
that {b,9p-) G a(/r“^(0) fl J). Moreover, (11) and (32) imply that 9p., seen as 
an element in TfB/Al, is not invariant withrespect to monodromy around ej_i 
and Oj. From the characterization of Jg' given in Lemma 
{b,9p.) G a(/i“^(0) n Jg') and therefore the lemma. 


4.6 


this implies that 
□ 


Corollary 4.8. We have that Xelwp.nc ■ nC —)■ Xo(i?)red can be extended 
by continuity to Wp. fl C so that \e{Wp. fl dC) C S. 


Proof. The branching locus of Jg' is Jg' fl Grit / and is mapped by / homeo- 
morphically onto Wp. fl dC. This can be checked explicitly in the local models 
(e.g., in Example 3.10 of [S]). Therefore, since Xe(Wp. fl C) is contained in 
a(/i“^(0) n Jg'), as b G Wp. fl C approaches a point in Wp. fl dC, Ag(6) ap¬ 
proaches the image by a of a branching point of Jg',, i.e., a point on S. This 
proves the corollary. □ 


Proof of Theorem \4.5\ To extend Ag it remains to show that Ag extends also to 
points of dCr\V^. Given an edge Cj of dC, let us consider an open neighborhood 
U of Oj n Eg. We can assume that U fl ({0} x A®) C f/g and that fu '■= /|/-i([/) 
is smooth. Just as in Lemma [3.121 we have that 


(46) 


= {Oj.niA. 


We let U = D X (0,1) and A fl f/ = {0} x (0,1) 
G T*U as the Z-linear span of the periods (29). Then T*U/A* 


We proceed as in Lemma 3.14 
and dehne A 

and f~^{U) — Crit fu are hbrewise symplectomorphic 
coordinates have been chosen so that 


Assume also that the 


C n t/ = {62 = 0,6i > 0}. 


In Sections 3.1 and 3.2 of [H] we gave an explicit description of an antisymplectic 
involution over a neighborhood of an edge. We review it here. Without loss of 
generality we can assume that in these coordinates the zero section (Jq is given 
by cro(u) = (u, \ [dH]), where PI is the smooth function appearing in equation 
(29) for the periods. Then the antisymplectic involution that fixes (Tq is 


l: {u,[ri])e^ {u, [dH-r]]) 
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for all M G t/ and rj G T*U. The fixed points of i which are not monodromy 
invariant aronnd A are given by the graphs of the following l-forms: 

- {dH + Ai), - {dH + Ai + A 2 ) 

- {dH + Ai + A3) , - {dH + Ai + A2 + A3) 

The hrst two forms are interchanged by monodromy around A, similarly the 
last two. Therefore the hrst and second pair dehne two connected components 
which map 2 to 1 over U. Since the S'^-action corresponds to translations by 
multiples of A2, the hrst two forms (resp. the last two) have the same image in 
the quotient by the S'^-action. Therefore, in these coordinates, we have that 6j 
is either equal to the hrst form or to the third one, modulo A2. Let us assume, 
without loss of generality, that 


9j = - {dH + Ai) mod A 2 . 


Then equation (46) and Corollary 3.13 imply that over C DU we have 


d-de = - {dH + Ai) + h{r)dr 


for some smooth function h. The above expression is dehned for points u = 
( 61 , r) G U, with 61 > 0 (since it is dehned on (7 fl U). When bi = 0, Ai blows 
up. This suggests that as 61 —>■ 0 the points {u, [(d'dg)^]) might converge to 
points in Crit fu- This is precisely what happens: 


Lemma 4.9. Viewing the points {u, [(d-de)^]), for u = ( 61 , r) E COU, as points 
in f~^{U) — Crit fu we have that 

lim {u, [{d^f)u\) e Crit fu 
fei-s-O 


Proof. To prove this we need to describe how T*U/A* is compactihed by gluing 
in Crit fu- This was done in [B]. We follow the exposition given in Sections 3.1 
and 3.2 of [S]. Let 

Y = {( 2 : 1 , 2 : 2 , w) G X C* I | 2 ;i 2 ; 2 | < 1 and log |w| G (0,1)} 

with symplectic form induced from the standard one on x C*. Then the 
map 

q:Y 

q : (^1, ^ 2 , w) H- (^1^2, log \w\) 

is a Lagrangian hbration whose general hbres are isomorphic to x M. We 
have that 

Crit q = {zi = Z 2 = 0} = X (0,1) 

and q{Cntq) = A = {0} X (0,1). Dehne the following two sections of q: 

Si(6,r) = (l,6,eO 
E2(6,r) = (6,l,e0 
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where h = hi + ih^ & D and r G (0,1). We also have a C* x S'^-action on Y 
given by 

(r,e“) • {zi,Z2,w) = (rxi,f"^X2,e*^w;). 

We nse the sections and the action to dehne the following maps 

ij ■.{€* xS^)xU 

((r,e“),M) ^ (r,e*") • Sj(m) 

Now consider the following open subsets of (C* x S^) x U 

Vi = {((r,e“),( 6 ,r)) G (C* x xU\\b\< |r| < 1 } 

^2 = {((r, e“), (6, r)) e {C* x S^) x U \1 < |r| < |fe|-^} 

and dehne 

X = X(X). 

These are open subsets of Y and 

Z = Zi U Z 2 U Grit q 


is a neighborhood of Grit q. 

We dehne a similar structure on T*U/A*. Let Li and L 2 be the Lagrangian 
sections which are dehned as the graphs respectively of the one-form dH and 
of the zero 1-form. Dehne the following C* x S'^-action on T*U/A*: 

(r, e“) • (u, [ 77 ]) = (m, [?7 - log |r|ci 6 i -h Aigr dh 2 + sdr]). 


Then the sections and the action are used to dehne maps 

0 :{C* X S^)xU ^Y 

((r,e“),M) ^ (r,e“) • Lj{u). 
We then dehne the open subsets 


z' = Cj{v,). 

It is not difficult to show that the map g : Z[U ^ ZiU Z2 given by 

dehnes a hbre-preserving symplectomorphism. It is proved in [ 6 ] that f~^{U) 
is symplectomorphic to the symplectic manifold obtained by gluing T*U/A* to 
Z via g. Under this identihcation we have that Grit fu = Grit q. 

We now want to compute the points g{u, [(d'dj^]) for all u = ( 61 , r) G G n [/. 
Notice that 


(u, [(d'd,)^]) = u, 


= u 


-(Ai -F dH) + h{r)dr 


-- log \bi\dbi + dH + h{r)dr 
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Therefore 






It is now clear that 


lim g{u, [(iii9Jn]) G Critg 

bi-s>0 


and this proves the lemma. 


□ 


This lemma completes the proof of point (a) of Theorem 4.5 


To prove part (6), we observe that equation (46) implies that for all u G 
Ue^ n C, {d'de)u is a point on the affine line 

{m G Mr I (m - ng.) = 0}. 

Moreover, if m G Wp. fl C then {dd^)u = Oj and if m G hhpj+i H C then {dd^)u = 
6j+i. It follows that, as u moves from Wp. fl (T to ITp^ fl C inside (d'dg 


^ eju 

moves along a line of slope Ue from 6j to Oj+i- Then (41) implies that it winds 
¥ 


. times around the cycle .. This proves point (6) of the theorem. 


□ 


Example 4.10. The method for constructing Lagrangian spheres described in 
this section is quite general and also applies to examples of compact Calabi- 
Yau’s with Lagrangian hbrations. Consider for example the quintic hypersur¬ 
face in P^. In Section 19.3 of [22], the hrst author described an integral affine 
manifold with singularities B whose associated manifold X{B) is homeomor- 
phic to the quintic. Applying [7], we also have a symplectic form on X{B) and 
a Lagrangian hbration / : X{B) —)• B. Here B is the boundary of a (suitably 
rescaled) standard 4-simplex. The discriminant locus intersected with a 2-face 
of B is represented by the honeycomb pattern in Figure The thinner (blue) 



Figure 13. Lagrangian spheres in the quintic are constructed 
over the shaded hexagon 


lines come from a polyhedral subdivision giving B the structure of a simple 
affine manifold with singularities. The hbration restricted to a neighborhood 
of the interior of a 2-face has the properties (a)-(c) listed at the beginning of 
Here Ar is the affine space spanned by the 2-face. The action is given 


.6 
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by translations in the direction of the 1 -dimensional subspace of T*Bq which 
is monodromy invariant around the discriminant locus inside the two face. We 
can construct Lagrangian spheres m X{B) which map over the shaded hexagon 
in Figure 13 as follows. The polyhedral subdivision (restricted to the 2-face) 
dehnes a 2-dimensional fan at the vertex contained in the hexagon. We may 
thus consider a semi-integral support function d with respect to this fan. The 
results of this section then show that the graph of the differential of a smoothing 
of d extends and lifts to a Lagrangian sphere in X{B). 

4.4. Spheres over edges. There is another type of construction of vanishing 
cycles. Let P = Conv{(0, 0), (1, 0), (0,1), (1,1)} and subdivide it by adding the 
diagonal from (0, 0) to (1,1). If we let u be the unique piecewise affine function 
such that z/(l, 1 ) = 1 and zero at all other vertices, then T looks like the tropical 


curves shown in Figure 14 



Figure 14. F and the curves 71 and 73 inside Log (p) and Log {p'). 


Here W is a small resolution of an ordinary double point (with equation 
xy — wz = 0 ), while W is a smoothing of this singularity (hence given by 
equation xy — wz = t). The transformation from X to X is also known as a 
conifold transition and it is of independent interest (see |3T] and [9] for more 
information on this vanishing cycle). For every integer k, we construct a curve 
Afc : 5^ —)■ S' which can be extended to an embedding —)■ Mr x Mr/M, 

where D'^ is the unit disc, such that Xk{D^) fl S = Afc(S^). Then, as before, we 
dehne 

Lk = a-\Xk{D^)). 

The curve A^ is dehned as follows. Let e be the edge joining the two vertices 
p and p' of F. Let 9 and 'ip be two distinct (but close) points on lying on 
the 1-cycle 6^- Let 71 be an oriented curve inside Log“^(p) going from {p,'ijj) to 
{p,6) drawn and oriented as in Figure 14 In particular 71 is contained in Tp. 
Let 72 : [0,1] —)■ Se be dehned as 

72(5) = ((1 - s)p + sp\ [kue] + 6). 
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Clearly Log( 72 ([ 0 ,1])) = e. Define 73 to be an oriented curve inside Log“^(p') 
going from {p',0) to drawn and oriented as in Figure 14, Finally let 

[ 0 , 1 ] —)■ S'e be defined by 


74 


74 ( 5 ) = ((1 - s)p' + sp, [-kUeS] + V’). 


We define Xk as the join of the curves 71 , 72 , 73 and 74 . Clearly Xk can be 
extended to a map Xk ■ ^ Mr x Mr/M with the desired properties. A 

Lagrangian version of a sphere of this type will be given elsewhere. We will 


make use of this sphere in Section 8.3 


5. Compactly supported sections 

In this section we will determine the isotopy classes of pairs of sections a and 
a' of / : A —)■ which coincide outside some compact set. In this case we say 
that a is compactly supported with respect to ex'. When a' is the zero section 
we just say that a is compactly supported. The closure of the set where the 
two sections differ is called the support of a (relative to ex'). 

Definition 5.1. Suppose that a coincides with a' outside of a compact set 
K C M"' homeomorphic to an n-ball. Denote by a copy of K with an 
orientation induced from a hxed orientation of M"' and by K~ a copy of K with 
the opposite orientation. Then we can glue and K~ along their boundary 
to form an oriented n-sphere. Define a map from this sphere to X by defining 
it to be equal to a on and equal to ex' on K~. Denote the image of this 
map by cnx'. It defines a class in Hn{X,X) which we denote by [excx']. 

We will determine when [era'] coincides with the class of one of the spheres 
Li constructed in the previous section. 

5.1. The two-dimensional case. Assume we are as in §3.4[ with only two 
singular fibres corresponding to S' = {(0,i), (lA)}- Figure]!^ depicts two re¬ 
duced sections (the continuous (blue) line and the dotted (red) line) which can 
be extended and then lifted to a pair of sections of / : A —)■ which coincide 
outside a compact set. We prove this in the following. 



Proposition 5.2. In dimension 2, let / : A —)■ be as in (2.4 with only two 


singular fibres. Then, for every integer k, the sections ak +2 and exfc defined in 
§3.4|are isotopic to a pair of sections which coincide outside some compact set. 
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Proof. We consider the case k = —1, the other cases are obtained after trans¬ 
lation by a se ction . It can be easily seen that the rednced sections ct_i and 
di defined in ^3.4 are isotopic (in (M x S^) — S') to a pair of sections which 


can be depicted as in Figure the continuous (blue) line representing d_i 
and the dotted (red) line representing di. T he t wo sections coincide outside 
a compact set containing F = {0,1}. As in (2.4, let F = M x M x S^, which 
contains M x S*^ as the slice {0} x M x S*^. We must show that the sections can 
be extended and then lifted to a pair of sections of / which coincide outside a 
compact set. The two sections can be extended to sections of y —)■ in such 
a way that they coincide outside a compact set K homeomorphic to a 2-disk. 
This can be done by unwinding both sections as we move away from the slice 
{0} X M X so that they both become flat (coinciding with the zero section). 
Denote by cr_i and ui the two sections after the extension. We now show that 
there are lifts of both sections to the circle fibration a : X ^ Y which coincide 
outside of K. As explained at the beginning of this section, we can construct 
a map ^ Y, where 5^ is formed by gluing two copies of K along 

the boundary and = C-i on one copy of K and ^a-iai = on the other 

copy. Pull back the S'^-fibration a : X ^ Y to via We claim that 

the pull back fibration is a trivial bundle over S"^. Recall that a satisfies 
the following property. There exists an orientation on Y such that the first 
Chern class of a, evaluated on the boundary of a small ball centered at any 
one of the two points of S (and not containing the other one), is equal to 1. 
Notice that the complement of cr_i U cti inside Y consists of three connected 
components. One of them is unbounded and the other two are two open balls, 
each one containing one of the points of S. The intersections of these latter 
components with {0} x M x are the shaded regions in Figure 15 The union 
of the boundaries of these two regions coincides with the image ^cr_io-i One 
region induces an orientation agreeing with the orientation on but the other 
one induces the opposite orientation. This implies that the first Chern class of 
a evaluated on ^o-_io-i(S'^) is zero and therefore the pullback bundle on 3“^ is 
trivial. This shows that we can lift U-i\k and Ui\k to the fibration a in such 
a way that the lifts coincide on the boundary of K. Then they can be extend 
outside of K so that they coincide. □ 


Let Lk be the sphere constructed in (4T with twisting number k. 

Theorem 5.3. In H 2 {X, Z), up to some choice of orientation of Tfc+i, we have 

[O'k+20'k] = [-^fc+l] 


Proof. We do the case k = —1, the other cases follow after translation by a 
section. Let us consider (j_i and ui as sections of F —>■ (i.e., before they 

have been lifted to sections of X). Then let Z be the closure of the union of 
the two bounded components of F — (u-i U ai). The intersection of Z with 
{0} X M X 5^ is the shaded area in Figure [T^ We can write Z = ZiU Z 2 , where 
Zi and Z 2 are the closures of the two bounded components. We can assume 
that Zi n Z 2 is homeomorphic to the interval [0,1] C M and that Zi and Z 2 are 
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both homeomorphic to a 3-ball. Now let W = a~^(Z) and Wj = We 

have that Wj is homeomorphic to a 4-ball. We can view [(Tict_i] as an element 
of H 2 {W,Zj). Notice that also [Lq] can be viewed as an element of H 2 {W,Ij). 
In fact let I be the segment joining the two points of S depicted by the (green) 
dashed line in Figure 15 Notice that I O Z. Then Lq = a~^{I) C W. 


The Mayer-Vietoris sequence for the homology of W with decomposition 
W = Wi U W 2 gives the isomorphism 


H2{W]Z) ^ Hi{WinW2;Z). 

Moreover Wi fl W 2 = [0,1] x so that Hi{Wi fl W 2 ]Z) = Z. To prove the 
statement of the theorem it is enough to show that and [Lq] are both 

mapped to a generator of Hi{Wi fl W 2 ;Z). This is obvious for [Lq], since 
Lq n {Wi n W 2 ) is a hbre of a whose class generates Hi{Wi fl IT 2 ; Z). We now 
show that this is true also for [cricr_i]. 

Let and Bq be the balls of radius 1 centered at the origin respectively in 
and in M X C. Let Bl and B^ be the two balls minus their origin. Then the 
map 

a' : i?4 —?■ Bq 
{x,y) ^ {\x\^-\y\^,‘2xy) 


is surjective and : i ?4 —)■ S 3 is a principal bundle with hrst Chern class 
1 G Z = H‘^{B^,Z). The hbration a' : S 4 —)■ S 3 is hbrewise isomorphic to 
a\Wj '■ Wj — >■ Zj. We have = dB^ and S'^ = OBq. Given a point * G 5^, let 
Then we have isomorphisms 

H2{S^,S^]Z) Si(5^Z) = Z 

o'* 

H2{S\*;Z) 

where d is the boundary map. The map of pairs a' : —>■ (5'^,*) is 

clearly homotopy equivalent to the map a : (dWj, Wi fl IL 2 ) — )■ {dZj, ZiO Z 2 ). 
So we also have the diagram of isomorphisms: 

H2{dWj, Wi n W2; z) Si(Wi n W2; z) = z 

(48) 

H2{dZj, Z\ n Z2',Z). 

Notice that [cxia.i] can be viewed as an element in H2{dW]Z) and aicr_i fl 
dWj gives an element of H2{dWj, Wi fl W2] Z). Since ai and (j_i are sections, 
a*[(Jicr_i n dWj] is a generator of H 2 {dZj, Zi fl Z 2 ; Z). This implies that also 
c?[(Ticr_i n dWj] = [cTicr_i fl {Wi fl IL 2 )] is a generator of HiiWi fl hF 2 ;Z). This 
concludes the proof. □ 
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5.2. The three-dimensional case. Let n = 3. We consider the topological 
construction of the fibration f : X —)■ M x given in §2.4| and the construction 
of sections given in §3.3[ Let C be a bounded connected component of Mr — L. 
Recall that C corresponds to a toric divisor Dc in X. Moreover, every edge e 
in dC corresponds to a toric boundary divisor of Dc which we denote Pg. 

Definition 5.4. Denote by (pxc : D —)■ M a support function for the line bundle 
Ox{Dc) on X. We fix a choice of (pxc such that it satisfies 4’Kc{'*^c) = 0 and 
4>Kc{‘^) — other vertices v in the subdivision of P. The corresponding 

kinks Kc = (fce)ee<f of (f^Kc satisfy the following. If e is an edge of dC, then 
fcg = —be — 2, where bg is the self-intersection number of Pg inside Dq C X. If 
e is an edge which emanates from a vertex of C, but is not in dC, then fcg = 1. 
In all other cases kg = 0. 

The numbers Kq also identify an isotopy class of sections of /. 

Now let R C Mr be a convex compact set whose interior contains C and 
which does not intersect other edges of L except the ones emanating from the 
vertices of C. Let 

R := [—€, e] X R, 

for some e G (0,1). Let ao be the zero section. 

Proposition 5.5. An isotopy class K G ker$ of sections of / has a represen¬ 
tative a whose support is contained in R if and only if iP = aKc, for some 
aeZ. 


Proof. Suppose that a section a in the isotopy class K = {kg)g^s has support 
contained in R. Let a : Mr —)■ Mr x Mr/M be the reduced section. Then a 
coincides with bo outside R. If e is an edge which does not emanate from a 
vertex of C, then kg = 0, since R does not intersect e. 

Now let e be an edge of dC. Let and p~ be the vertices of e corresponding 
respectively to the simplex Pf' and Pg . Let and e~ be the edges dC, 
adjacent to e, which emanate respectively from p'^ and p~. Let dP and d~ be 
the remaining edges emanating respectively from and p~ (see Figure 16). 
By choosing appropriate integral affine coordinates, we may assume that 


ng+ = ( 0 ,- 1 ), 

(49) ne = (l,0), 

Ue- = (-&e, !)• 

The balancing condition implies 

nd+ = ng+ -ng = (-1, -1), = Ug - rig- = (l-f &e, -1). 


If C denotes the other component of Mr — T which is adjacent to e, then the 
condition (21) for C becomes 


(50) 


kd+ {rig -ng+) + kgUg + kd- {n. 


rig-) = 0. 
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(51) 


This imposes the following necessary conditions: 

^d+ 

/cg — kfi+(bg T 2). 

Notice that these must hold also if C' is not bounded. In this case we interpret 
kfi+ and k^- as the number of times a winds along d'^ and d~. If we choose 
two points q~^ and q~ on and d~ respectively, which are sufficiently far from 
C, then a coincides with do along the segment from to q~, so that d is 
constant along this segment. Then (50) must hold. The hrst equation of (51) 


implies that all numbers attached to edges emanating from a vertex of C but 
not contained in dC coincide with a hxed number a G Z. We conclude that 
K = aKc. 

On the other hand, let us show that there exists a section representing the 
class aKc whose support is contained in R. For later use, we will construct 
a piecewise linear section. First let us construct a map d : Mr —)■ Mr with 
support inside R such that the reduced section d : Mr — )■ Mr x Mr/M can be 
defined as 

(52) d( 6 ) = (&,[d(&)]). 

Fix some point pc in the interior of C. Let e be an edge of dC and let p"*", 
p“, e"*", e“, d'^ and d~ be as above. Choose points q'^ and q~ on d'^ and d~ 
respectively which are also in R. Denote by the convex hull of pc, p"*" and p~ 
and by Q~ convex hull of p'^, p~, q~^ and q~ (see Figure [T6|. Let Qe = Q'^UQ~ . 
Since R is convex, is contained in R. 

Let (j)Kc be the support function of Definition 5.4[ Denote by (resp. m~) 
the linear part of (pxc restricted to (resp. to i/T)- Assuming that ne+, rig 


and Ug- are as in (49), one computes that = ng+ — Ug and m~ = Ug — ng-. 
Given a point h G there are unique positive real numbers fi, t 2 and G, 
satisfying that we can write b = tipc + t 2 P'^ + Gp”. Dehne 

d(&) = a{t2m^ + t3m~). 

In particular a{pc) = 0, d(p’'') = am'^ and 5'(p“) = am~. Let us now dehne d 
on Q~. On the segment from p+ to q'^ dehne d by 

(53) d((l — s)p’'' + sq'^) = a(l — s)m'^. 

Similarly, on the segment from p~ to q~ 

d((l - s)p~ + sq~) = a(l 


s 


to q 


Dehne a on the segment from q 
to the interior of Q~ (see Figure 16 for a picture of the image of Q 


to be zero. By construction d extends 

g under d). 

We do this for every edge e C dC and we dehne d to be zero on the rest of Mr. 
Dehne the reduced section d by (52). By construction we have d(MR) fl S' = 0. 

We now show that we can extend d to a section a : M x Mr —)■ X with 
support inside R. First extend it to a section cxy : M x Mr —>■ Y, where 
D = M X Mr X Mr/M by dehning ayit^p) = {{t,p), [p(f)d(p)]), where p is a 
suitable bump function with values in the interval [ 0 , 1 ] and vanishing outside 
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[—e, e]. In fact we can also choose p with values in the smaller interval [0,1 — e] 
for small e; this choice will be more convenient later. Clearly cry coincides 
with the zero section outside R. We have to show that we can lift cxy to the 
hbration a : X ^ Y, so that it coincides with the lift of the zero section outside 
R. Notice that R is homeomorphic to a 3-ball. If we consider a 3-sphere as two 
copies of R glued along its boundary, then cry on one copy of R and the zero 
section on the other copy give a continuous map from to Y. The pull-back 
of a via this map is trivial, since all S'^-bundles are trivial on S^. Therefore 
the map can be lifted to the S'^-bundle. This gives lifts of cry and of the zero 
section which coincide on the boundary of R. This ends the construction of 
sections with compact support. □ 


Observe that the line bundle on X corresponding to a Lagrangian section of 
the type aaXc via the correspondence of Conjecture 3.16 is Qx{—aDc)- 



-mg=(0,l) -m+ = (l,l) 



Figure 16. The picture on the right shows the image of Q^. 
under a in the case be = —I and a = — 1 (shaded region). The 
dark line is a{dC). The dashed (red) line is A(clC'). 


A compactly supported section cr and the zero section, as explained in the 
beginning of this section, dehne a homology class in H^^X, Z) denoted by [aao]. 
Now, given a bounded connected component C of — T, consider the sphere 
Li dehned by the numbers ie = be + 2 for every edge e bounding C and denote 
it by L^Kc- We then have 

Theorem 5.6. Up to some choice of orientation on L^Kc ''v® have 

[cr-AcCTo] = [L-Kc\- 


Pro of. We use the map a : Mi 
5.5 with a = —1. Dehne A 


—)■ Mr constructed in the proof of Proposition 
C —>■ Mr by 


(54) 


A = -air 
2 


and A(6) = (6, [A(6)]) for all 6 G C (see also Figure 
It can then be checked that X{dC) C S and 


16 


for a picture of X{dC)). 


L_xa = a-\X{C)). 
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Step 1: definition of a set Z containing X{C). We construct a subset Z 
containing A((7) which generalizes the set Z constructed in the proof of Theorem 
5.3[ Intuitively Z looks like the shaded area depicted in Figure [T^ after it is 


spun around its center and then thickened in the extra dimension. The center 
corresponds to the point pc chosen in the proof of Proposition 5^ The singular 
points (i.e., the crosses in Figure [T^ span X{dC). 

In the following we assume that the function p used in the construction of 
(Ty in Proposition 5.5 has values in the interval [0,1 — e] and that p(0) = 1 — e. 
Given an edge e of dC, let Qe be the neighborhood of e dehned in the proof of 
Proposition 5.5 and let 


Q= [j Qe 

eCdC 

Q = [-e, e] X Q C M X Mr. 


Now dehne the set 


Z = {{t, b, [r p{t)a{b)]) \ {t, b) e Q and r e [0,1]} C Y, 

where, as usual, "F = M x Mr x Mr/M. Essentially, Z hlls the space between 
the zero section and the section cry. In particular the two sections, restricted 
to Q, form the boundary of Z. Notice also that A(C') C Z. 

For any p G dC, consider the ray Pp in Mr which starts at pc and passes 
through p and let Pp = Pp x [—e, e]. Now let 

Zp = ZnLog“^(pp). 

We have that Zp is homeomorphic to a closed 3-ball. Moreover 

z=[jz,. 

p&ac 


Step 2: properties of Zp. We now prove that 

(55) ZnS = X{dC), 
and in particular that, for all p G dC, 

(56) ZpnS = X{p). 

Since Log(F) = Q, we only have to study Z nS nLog“^((5). Suppose hrst that 
p is a point in the interior of an edge e of dC. Recall that the part of the surface 
S that is mapped to the interior of e is the cylinder S^ dehned in equation (|^, 
where 6e is the cycle dehned in ([^. We can write p as p = (1 — s)p+ -f sp~, 
with s G (0,1). Then the intersection of Z with the hbre Log“^(p) = Mr/M is 

Z n Log“^(p) = {[—^(l — e)((l — s)mf + smf)] | r G [0,1]} 

The points in Z nLog“^(p) which lie on Sg correspond to the values of r G [0,1] 
such that 

(-r(l - e)((l - s)m+ + smf),ne) = - 


mod Z. 
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By definition we have that = {m^ ,ne) = —1. So the above equation 

becomes 

1 


r(l 


2 ’ 


since r(l — e) G [0,1]. We conclude that for any p in the interior of e, 


--((l-s)m+ + smj 


z n S'e n Log ^{p) = 

Suppose now that p is a vertex of e, e.g. p = p 
'dinates 

= (-l, 


= Kp)- 


Then, in appropriate affine 


m 


coordinates, we can assume that equations (49) hold. In these coordinates 
1 ), therefore 

Z n Log"^(p) = {[-r(l - e)(-l, -1)] | r e [0,1]}. 

Moreover, S fl Log“^(p) is the set Tp described in Remark 


2.2 


In these coordi¬ 


nates it has the shape depicted in Figure Then we see that 

z n ^ n Log-'(p) = (z n Log-i(p)) n = [(1/2,1/2)] = A(p). 

Finally we have to check that Z does not intersect S over the interior of the 
edges d'^ and d~. Let q~^ G d~^ be the point dehned in the proof of Proposition 


5.5 We just need to check what happens over a point p = (1 — s)p'^ + sq^ with 


s G (0,1]. Using formula (53) we see that in this case 

Z n Log“^(p) = {[—r(l — e)(l — s)m+] | r G [0,1]}. 

On the other hand, points of this type are also on 3^+ if they satisfy 


.n 


d+) = 2 


(—r(l — e)(l — s)mg 

Using the fact that = ±(ne — ne+) and (m+,ne) = (m+,ne+) = —1, we can 
see that the above equation is never satished. Thus we have 

Z n Sd+ n Log“^(p) = 0. 


This proves (55) and (56). 

Step 3: conclusion. For every p G dC dehne 

Wp = a-\Zp) 

and let 

W = a-\Z). 

Notice that since Zp is homeomorphic to a 3-ball and is transversal to S at A(p), 
it can be viewed as a 3-ball in the normal bundle to S at A(p). This implies 
that the hbration a\wp ■ hFp —)• Zp is always hbrewise isomorphic to the map a' 
given in (47). In particular Wp is homeomorphic to a 4-ball. 

The classes [a-Kc<^o] and [L^Kc] can be viewed as classes in We 

must show that they dehne the same class. Consider the set 

1= fl Z,= [-e,e]x{pc}x{0}cU. 

pCdC 
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Now define 

W = {{p,q) edC X X\qe Wp}, Z = {{p,q) edC xY\qe Zp.} 

These spaces are sort of (real) blow ups along the set / of IT and Z respectively. 
Clearly there is an S'^-action on W and a quotient map a : W —)■ Z inducing 
the commutative diagram 

W Z 


W Z 

where the vertical arrows are the projections. We also have the other projection 
maps W —?• dC and Z —)■ dC. These are respectively a 4-ball and a 3-ball 
bundle over dC. We claim that they are trivial bundles. In fact, the latter 
can be viewed as the unit 3-ball bundle inside the normal bundle of S in V, 
restricted to the curve A(dC). Since S and V are oriented, the normal bundle to 
S is orientable, therefore it becomes trivial when restricted to A(dC). Similarly 
W can be viewed as the unit 4-ball bundle of the normal bundle of S inside X, 
so it is also trivial. We denote by dW and dZ the corresponding 3-sphere and 
2-sphere bundles respectively. In particular we have 

(57) 773 ( 1 ?, Z) = H2{W, Z) = 0, H^{dW, Z) ^ Z, H2{dZ, Z) ^ Z. 

In the last two groups, a generator is given by the hbre. 

Now let J C Z be the preimage oi I <Z Z. We have / = dC x [—e, e]. Notice 
that the projections Z — I —> Z — I and W — — > W — a“^(/) are 

homeomorphisms. Thus, excision implies that 

Hs{W,a-\iy,Z) = Hs{W,a-\Ty,Z). 


Notice that a ^{I) = x [—e, e], so that its second and third homology vanish. 
This gives 

HsiW-Z) = HsiW,a-\iyZ). 


Therefore we can view the classes [a-Kc<^o] and [L^Kc] inside H 3 {W,a ^(/)). 
Notice that = dC x x [—e,e]. The long exact sequence in relative 

homology and (57) gives an isomorphism 


H,{w,a-\Tyz) A H2{a-\iyz) = z. 


The goal is to show that both classes [a-Kc<^o] and [L^Kc] are mapped to a 
generator by the above isomorphism. We proceed in a similar way to Theorem 


d. Moreover [a^Kc^o] can be viewed as a class inside H3{dW,a ^(/);Z). We 


5.3 First of all notice that by construction is mapped to a generator by 
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have the diagram 

0 -^ H3{dW,Z) -^ H3{dW,a-\T);Z) H2{a-\T);Z) -^ 0 

a* 

H3{dzJ-Z) 

which is analogous to diagram ( [48| ). Notice that H 3 {dZ, /; Z) = H^^dZ] Z) = Z. 
Since [a-Kc<^o] is constructed by lifting sections, we have that a^[a-Kc<^o] is a 
generator of H^^dZ^X). Moreover, since the generator of H^^dW^ Z) is the fibre 
of the sphere bundle and a on the fibres is just the Hopf map, we have that a* 
restricted to H^i^dW,Z) is zero. Thus a* must descend to an isomorphism of 
the quotient: 

a, : H3{dW,a-\l)-Z)/H3{dW,Z) ^ H^idZj-Z). 

Then must descend to a generator of H 3 {dW,a~^{I)]Z)/H 3 {dW 

i.e. of Z). This concludes the proof. □ 


Clearly by translating with respect to an arbitrary section cTk we can describe 


other spheres as difference of sections. Applying formula (44) we have 


Corollary 5.7. We have 


[fl"— \L—Kc+2k\i 


where L_Kc+ 2 k denotes the sphere whose twisting numbers are given by he + 
2 + 2ke for all edges e C dC. 


6. Intersections 


Recall, from formula (30), that a sphere Li is constructed as the union of 


the S'^-fibers over all points of a section A of the Log map, defined over C. 
Clearly, if a is a section, the intersection points between Li and a are in one- 
to-one correspondence with the intersection points between A(C) and d, where 
a : Ar —)■ A(i?)red is the reduced section. Therefore a fl is in one-to-one 
correspondence with the set {6 G C | X{h) = d(6)}. Since A(cIC') C S', this set is 
all contained in C, i.e., there are no intersection points on the boundary of C. 
Up to translation by a section, we can assume that a is the zero section cxo. 

We now consider A constructed as in (14.31 i.e., as the graph of the differential 
of the smooth function (see formula (|45[)). Recall that de is a smoothing 
of a semi-integral support function d : |Sc| —>■ M whose kinks are the twisting 
numbers 

For convenience let us define the following map 


: C 


Afro 


( 58 ) 


b- 
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We then have the one-to-one correspondence 

cJonL^-^—)■ IJ (Dd)“^(m). 

mSM 

We will call a point b in the right-hand set an intersection point. We wish to 
stndy transversality of intersections and to connt intersection points. It is easy 
to see that an intersection point b E C corresponds to a transversal intersection 
point if and only if the Hessian (Hess'de)b is non-degenerate. Now dehne the 
cnrve : dC —)■ Mr by setting 


(59) 


7 £ = Dt^Iqc. 


It follows from the results of jj3.6| and §4.3| that 7^ is a closed polygonal line 
joining the points 9j dehned in ( |4l[ ). Fix an orientation on IYr, and the induced 
orientation on Mr. Then we have an anticlockwise cyclic indexing of two- 
dimensional cones of (see Figure [Toj and the proof of Proposition 4.3 for our 
conventions). 


Definition 6.1. Recall that the winding number of the curve 7^ around a 
point m G Mr, with m ^ 7^(517), is the degree of the map dC —)• given 
hj b i-E- . Since for all m G M, m ^ 'yi{dC), the winding number of 7^ 

around m is well dehned for every m G M. Denote it by we{m). 

If m G Mr is a regular value of D-d and m ^ then the degree of Dd 

at m equals the winding number of 7^ around m. In particular, if the winding 
number is not zero, m is in the image of Dd. 

We have the following: 


Theorem 6.2. If the semi-integral support function d : iSd —)■ M, (resp. its 
opposite —I?), is strictly convex and e > 0 is sufficiently small, then for any 
b E C, either E 7^ or (Hess'dJ;, is positive (resp. negative) dehnite. In 

particular the image of D-d is the closed convex polygon whose boundary is 7^. 


Before proving the theorem let us study a one-dimensional version of the 
problem. Let h : M —)■ M be a continuous function which is piecewise affine, 
i.e., it is locally affine except at a hnite number of points in M. We call a point 
f G M a non-smooth point if h is not locally affine at t. At a non-smooth point 
f, let mf and be the slopes of h respectively on the right and on the left of 
t. The function h is convex if at every non-smooth point t we have 

mf — > 0. 

Now let 17 : M —)■ M be an even C°° function, whose support is [—5, 5] and 
such that 77(f) > 0 for all t G (—5, 5). Dehne 

h = h*r]. 

Lemma 6.3. In the above situation, we have h"{t) > 0 and equality holds if 
and only if the interval {t — 6,t + 6) does not contain non-smooth points. 
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Proof. By the definition of the convolntion product we have 

— [ h{s)r]”{t — s)ds. 

Jr 

Assume, without loss of generality, that f = 0. Then 

h"{0) = [ h{s)ri"{—s)ds = f h{s)ri"{—s)ds. 

Jr J-s 

Now suppose that (—6,6) contains r non-smooth points {ti,... ,tr}. Define 
to = —6 and p+i = 6. Suppose, moreover, that on the interval [tj-i,tj], h 
coincides with the affine function mj{t) = qjt + cj. By convexity 

(60) 

We have 

f’+l rti 


Qj+i -qj>0. 


(61) 

Integration by parts gives 


~ ' iJ 

ft"(0) = E / 

i=i 


mj{s)r]"{—s)ds. 


mj{s)r]"{-s)ds = 


ij-i 


Using the fact that r] is even we obtain 


mj{s)r]"{-s)ds = mj{tj)r]'{tj) - - qj{r]{tj) - 


'ti- 


j-i 


Continuity of h implies that 

Moreover we have 

v{to) = v'ito) = viU+i) = v'{tr+i) = 0 . 

Using these facts, equation (1^ becomes 


^"(0) = - QjMtj) > 0. 

i=i 


The last inequality follows from (60) and the fact that tj G (—5,5), where 
T] is strictly positive. Clearly, if (—5, 5) does not contain non-smooth points, 
integration by parts shows that h"(0) = 0 □ 

Proo f of Theorem 6.^ Let e satisfy conditions (i)-(iii) listed after Corollary 


3.13 Let Cj be the edge of dC whose vertices are pj and Pj+i- As we have 


already discussed (see the end of the proof of Theorem 4.5), as b moves inside 
Uej from a point in Wp- to a point in then {d'df)b moves inside the line 

one can refine 


passing from 9j and 9j+i. Using convexity of and Lemma 


6.3 
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the argument to show that for all b G Ug., belongs to the segment from 

6j to Oj+i- Now let 

t/c = U U,. 

eCdC 

The above argument shows that for any b G 17 c, {d'de)b G 7^. We now prove 
that if 6 G C — f/c then (Hessi^E);, is positive dehnite. Thus we need to show 
that for any v G Nr, 

(62) ((Hess'dg);,!;, u) > 0. 

We can choose linear coordinates {xi,X2) on Nr so that v = In this case 

d'^He 


((Hessi 9 ,)bU,u) = 
We claim that 


-^ 1,^2 - X2)dxi ] dx2 

: dXi J 


( 63 ) 




'd{xi,X2)^:;^{bi -Xi,b2 -X2)dxi > 0 
> ux^ 


and that if 6 = (61, 62) G <7 — Uc, then the inequality is strict for some values 
of X2. This would imply ( 62 ). For hxed X2, dehne the functions 


h{s) = ^{s,X2), r]{s) = fie{,S,b2 - X2). 

Notice that h is a continuous, convex, piecewise affine function on M. On the 
other hand, rj is identically zero if \x2 — &2I > but when 1x2 — &2I < ^ h is 
smooth, even and its support is an interval {—5x2^dx2) with 5^2 > 0 . Moreover 
r]{s) > 0 for all s G (-5,1,2, 


The integral on the left hand side of ( 63 ) coincides with {h * ri)”{bi) and 
therefore the inequality follows from LemraajffiS This lemma also implies that 
the integral in ( [6^ is strictly positive for X2 G (62 — e, ^2 + e), if in the interval 
{bi — 6x2, bi + 6x2) there exists a non-smooth point of h. We prove that this 
is true for some X2 G (62 — e, 62 + e). The condition b & C — Uc implies that 
the e-ball around b intersects at least two non parallel edges of Skeli emanating 
from the vertex vc of the subdivision. In particular, we can hnd a point (xi, X2) 
in the e-ball around b which lies on an edge of Skeli not parallel to the xi-axis. 
This implies that the line in Nr given by {(s,X2) | s G M} intersects this edge 
transversally in the point (xi,X2). Thus xi is a non-smooth point for h dehned 
by setting X2 = x2] moreover X2 G (62 — e, 62 + e) and Xi G (61 — 6x2, bi -|- 6x2) 
since (xi,X2) lies in the e-ball around b. 

The last statement follows easily. In fact, by the previous argument, if m ^ 
'yi{dC) and m = Dd{b) for some b E C, then m is a regular value of D-d and 
its degree must be positive. Moreover, strict convexity of i? implies that 7 ^( 917 ) 
is an embedded simple curve which encloses a convex bounded polygon. So 
Wi{m) is 1 if m is inside this polygon and zero if m is outside. This implies the 
last claim of the theorem. □ 


We have the following 
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Corollary 6 . 4 . If i? : |Sc| —)■ M, or its opposite —i?, is strictly convex and 
e > 0 is sufficiently small, the corresponding Lagrangian sphere Li intersects 
the zero section transversally and 

#(cronL,) = #(Di9(C)nM) 

Proof. The previous theorem implies that all points of m G Dd{C) fl M are 
regular values of Dd and that every point in the preimage of m contributes +1 
to the degree. Since m has degree 1 , it has only one preimage. □ 


More generally, suppose that we have an arbitrary section < 7 ^. Then the 
number of intersection points between Uk and Li is the same as between the 
zero section and the translate of Li by cr_K, i.e., using formula ( 44 ): 

hi Lff) = ff{o'Q n Li_2if) 


Example 6 . 5 . In the case of Example | 2 . 10 | , the spheres are labeled by odd 
numbers n. In Figure [T 7 | we picture some of the spheres and their intersection 
points with the zero section. Clearly in this case we have the formula 

k{k + l) 


(64) 


#(<^0 C L2k+l) — 


Notice that Li and L_i are the only spheres which do not intersect the zero 
section. 



Example 6.6. Let us look at the case of Example 2.11 Assume that a subdivi¬ 
sion of P has been chosen so that every compact toric divisor in X is a one point 
blow up of a Hirzebruch surface (e.g., as in Figure [^for the case d = 3). Then 
we can orient and number the bounding edges of each component Cj as in Ex¬ 
ample 3.19 Let us then construct the spheres of type Li over each component. 


Notice that when j is odd, then i must be of type (odd, odd, odd, even, even) 
and when j is even then it must be of type (even, odd, odd, odd, even). Let us 
assume j is odd, as the even case is similar. There are two spheres with minimal 
twisting numbers, these are given by numbers (—1,1, —1, 0, 0) or (1, —1,1, 0, 0). 
Let us denote them respectively by L~^ and L~. These spheres are vanishing 
cycles with respect to the degeneration to the A2d-i singularity. Notice that L+ 
and L~ do not intersect the zero section. Another interesting sphere over Cj is 
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given by numbers (—j + 2,1,1, j + 1, 2) 
L-Kn described in Theorem 
spheres by Lj. 


5.6 


In fact these correspond to the spheres 
as a difference of sections. Let us denote these 


Let us now discuss the general case where neither nor —-d are convex. In 
this case the polyhedral curve 7^ can have a more complicated behavior. Let 
us dehne the following numbers 

meM,wt{m )<0 

( 65 ) 

m&M, W£(m)>0 


Conjecture 6.7. We conjecture that for e > 0 sufficiently small, m G Dd{C) fl 
M if and only if Wi{m) 7^ 0 . Moreover, given b G then (Hess'd^);, 

is non-degenerate and the following holds 

i) Wi{m) < 0 implies that (Hess'd^);, has signature (1,1); 

ii) Wi{m) > 0 , implies that (Hesshas signature ( 2 , 0 ) or ( 0 , 2 ). 

In particular we have that Li intersects cxo transversally and 

#(ao n L,) = h°'i''(L,) + h'^"^“(L,). 


Remark 6.8. If the above conjecture is true, then it should be easy to prove 
the following important fact 


( 66 ) 


//Fi(cro,L,)=C"°", 


Indeed, if Ind('de, b) denotes the Morse index of 19 ^ at b, we expect the Maslov 
index at an intersection point b (computed with respect to suitable gradings of 
the Lagrangians) to be 

/i(6) = 2 — Ind('de, b). 

The reason for this is that b is also an intersection point between the section 
A (i.e. the graph of d'de) and the zero section in the reduced space. It seems 
reasonable to expect that the Maslov index computed in X coincides with the 
one computed in the reduced space. Now, recall that in the case of the cotangent 
bundle of a smooth n-dimensional manifold, the Maslov index at a transversal 
intersection point b between the zero section and the graph of an exact one form 
d(f) is n — lnd( 0 ,6). Since the reduced space is a cotangent bundle (modulo a 
lattice), the above formula holds in the reduced space, and thus we hope it 
continues to hold in X. 

Now, observe that J-holomorphic strips connecting two intersection points 
b and b' with boundary on cxo and Li may exist only if Dd{b) = Dd{b'). This 
is true for topological reasons. Indeed, a strip is a topological disc with half 
of the boundary on (Tq and the other half on L^. Assume Dd{b) = m E M. 
Then the hrst half of the boundary gives a path {( 3 {t),m), with / 3 ( 0 ) = b and 
/ 3 ( 1 ) = b' and the second half gives a path from {b,D'd{b)) to {b’,Dd{b')) in 
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iVjR X M]r along the graph of Dd. If the disc exists with this boundary in the 
quotient x Mjr/M, then the latter path must close up, i.e., we must have 
Dd{h) = Dd{h'). 

We then have that in computing the Floer differential, cancellations may 
happen only between points in Point (i) of the conjecture implies 

that if Wi{m) < 0, then all preimages of m have Maslov index 1, therefore 
there can be no cancellations, i.e., every point in the preimage of m contributes 
1 to the dimension of HFi{aQ, L^). In the case we{m) > 0, then point (ii) 
implies that every point in the preimage of m contributes 1 to the degree of 
m, i.e., to Wi{m). We will see in the next section that if Wi{m) > 0, then 
necessarily wi{m) = 1. In particular every point m with Wi{m) > 0 contributes 
one either to the dimension of HFolao, Li) or to the dimension of HF 2 {o'o, Li). 


In particular. Theorem |6.2| and Corollary |6.4| imply that the conjecture is true 
in the case'd is strictly convex, so we have that 


(67) d strictly convex 


and similarily 


( 68 ) 


— strictly convex 


HFi{aQ, Li) — HFo^ao, Li) — 0 
HF2{ao,Li) = C*^mc)r^M) 


HFi{ao, Li) — HF2{ao, Li) — 0 

HFo{ao,Li) = C*^mc)nM) 


Even if the above conjecture is not true, we still believe that equalities (66) are 


true, but it may be harder to prove them. We believe that these can be proved 
with methods similar to those of Abouzaid ID, m- 


7 . Homological mirror symmetry correspondence. 

If (T is a compactly supported section and L is one of the spheres constructed 
above such that 

= [L], 

then we can guess the sheaf (Fl on X associated to L as follows. Letting 
be the line bundle on X associated to a, then we should have a short exact 
sequence 


In particular. Conjecture 3.16 and Proposition |5.5| (respectively |5.2 ) imply that 
<J-Kc (resp. (J 2 ) is a compactly supported section and its mirror line bundle is 
Ox{Dc) where Dc is the divisor corresponding to C (respectively Dc = C 
X). We have a short exact sequence 

0 —)■ Ox —t Ox{Dc) —t Ox[Dc)\dc O 5 

where the second arrow is given by tensoring with a section vanishing on Dc- 


Using Theorem 5.6 (resp. Theorem 5.3) we conclude that we should have 
( 69 ) 


^ ‘^ x {^ c )\ dc - (resp. — 0^(P6 IfO 
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More generally, from formula (44) (resp. (01) and the fact that translation by 
a section should be mirror to tensoring with the corresponding line bundle, we 
should have 


(70) 


Sl_Kc+2^ - 


Ox{Dc)\dc (resp. =^_fc(g)0^(P^)|pi) 


See also Corollary 5.7 


In the three-dimensional case, let us formulate this as a conjecture 

Conjecture 7.1. The Lagrangian sections of f : X ^ and the Lagrangian 
spheres of type Li defined on each bounded connected component C of — A 
generate a suitable derived Fukaya category such that the corres pondence which 
maps a section to a line bundle over X as in Conjecture 3.16 and a sphere Li 
to the sheaf supported on the divisor Dc C X given by 


( 71 ) 




\Dc 


induces an embedding of the derived Fukaya category in D^Coh^X). 

In dimension 2, in ra Chan proves this conjecture for the part concerning 
the spheres and in na Chan and Ueda prove this conjecture for the sections. 
They do not seem to discuss whether the two correspondences, i.e., the one 
concerning the spheres and the one concerning the sections, are compatible 
with each other. We now look at examples in more detail and discuss some first 
simple evidence supporting the above conjecture. 


Example 7.2. When X is the total space of Opi(—2), formulas (69) and (70) 
give 

= C)pi(—2) and = ^i-k ® Opi(—2) = Opi(—/c — 1). 

Notice that (Tq intersects Li at only one point, so we must have: 

HF*{a^,Li)®^£ = €. 

This corresponds well with the fact that 


Horn: 


i.c„«(x)(0;t. Op.(-2)) = 0,.(-2)) = 


C for j = 1, 
0 otherwise. 


More generally, #(cto fl Lk) = \k\ and all intersections have the same Maslov 
index, hence 

HF*{ao,Lk)®^C = C\^\. 

This corresponds to the fact that 

Hom*^,^,,(^)(0^, Opi(-fc - 1)) = H*{X, Opi(-fc - 1)) - 


Notice that as line bundles on P^, (SiCcipi, so and are related 

by Serre duality on P^. This matches the fact that #(ao fl L_k) = #(cro fl Lk) 
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Example 7.3. In dimension 3, when X is an open set in the total space of 
0 p2(—3) as in Examples 2.10 and 4.4, we have 

[o'so’o] = -hs- 


Then, since Kc = —3, formula (71) becomes 

^Lzk+l = ■=^-fc-2|p2 = Op2( — k — 2) 

Formula (64) and the observations (67) and (|6^ imply 


l) C = C' 


fc(fc+l) 


I fc(fc+l) I 

2 I 


HF*{ao, L 2 k+i) 

This matches the fact that 

r, I I 

}lom*^,cohix)i0x. - 2)) = 0^2{-k - 2)) = d 

Notice also in this case, that = Op 2 (fc —1) and ^Lafe+i = Op 2 (—A; —2) are 

related by Serre duality on P^. This matches the fact that #(cro fl L_( 2 fc+i)) = 
#(<^0 hi L2 A:+i). 

7.1. Lagrangian spheres and cohomology of line bundles. In this section 
we gather some more evidence supporting Conjecture In particular we will 
prove the following: 

Theorem 7.4. For all Lagrangian spheres in X over C, we have the following 


(72) 


where and are defined in (65). 

Remark 7.5. In the case the semi-integral support function with kinks i (or 
its opposite —'&) is strictly convex, the above theorem, together with observa¬ 
tions (67) and (68), implies 

(73) 


Homdcoft(x)(C’x>-^L^|Dc) = HF\ao,Le) = 0, 

^v^Lhx^Gx,^!^Ii\dc) = (ao,L,). 




□ 


We have 

HomT-|i,^„;,^y^(Oy, | ) =H {D C I I Dr;)- 

Recall that Dq is a toric surface given by the fan Sc whose cones are the 
tangent wedges to the simplices containing vc G C. Let us denote by Sc(l) 
the one-dimensional cones of Sc- If e is an edge emanating from vc-, its tangent 
wedge is a one-dimensional cone of Sc, so by slight abuse of notation we write 
e G Sc(l). We also assume that for every e G Sc(l) the tangent vector ng 
points outward from vc, so that rig is a primitive integral generator of the 
one-dimensional cone e. 
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We now describe a support function on |S( 7 | corresponding to the line bundle 
I Dp- Let V’A'c be a support function for the canonical bundle on Dq- In 

2 

particular we require that 


(74) 


i’Kcint) = -1 


for all e G Sc(l). It can be easily verihed that a support function for the line 
bundle ^Kg-e on Dc is given by 



(75) 


where i? is the semi-integral support function whose kinks are £/2. 

Cohomology of line bundles on a toric variety can be computed in terms of 
support functions as explained in Section 3.5 of Fulton’s book ini (or in Chapter 
9 of [IS])- Recall that our convention for support functions is opposite to the 
one used by Fulton or by Cox, Little and Schenk. In our case iSd = 
so we proceed as follows. For every m G M let 

Z{m) = {n G I (m, n) + il>{n) > 0}. 

For every i, consider the relative cohomology groups: 

m) := - Z(m); C). 

Then the cohomology of the line bundle over Dq, given by the support 
function is computed by 


W{Dc,^^)= 


mGM 


Now let 


Qo = {m e M \ Z{m) = Nr}, 

Qi = {m G M I {0} C Z{m) C Nr}, 
Q 2 = [m & M \ Z{m) = {0}}. 


Furthermore, for every m G Qi, let 

h^{m) = ho{N^ - Z{m)) - 1, 

where bo denotes the 0-th Betti number. Then one can show that 




(76) 


H\Dc,^^)= 0 


mSQi 




Letting ^|J be given by (75), we have the following: 


Lemma 7.6. For every e G Sc(l) and every m G M, we have 


(m, Ug)-|-'0(iie) ^ 0 {m,ne) — {}{ne) > 0 

{m, Tie) + 'i/’(iie) < 0 (m, rig) — 'd(ng) < 0 





60 


MARK GROSS AND DIEGO MATESSI 


Proof. Both equivalences follow from (74) and (75). In fact, 


(m,ne) + V'(ne) > 0 >-. 

On the other hand recall that 'dijie) = \ mod Z for every e G Sc(l). Therefore 


(m, nf) — 'd{nf) > 0 


(m,ne) - i?(ne) > 


Hence applying (74) and ( |75| ) gives the hrst equivalence. The second equivalence 

follows immediately since we cannot have (m, rig) — 'd(ne) = 0. □ 

Let 

W (m) = {n e iVR I (m, n) — d{n) > 0 }. 

Lemma 7.7. For every m G M we have 

Z{m) = W{m) = 

Z{m) = {0} ^ Wim) = {0}. 

Moreover, for all m G Qi, 

6 o(iVM - Z{m)) = 6 o(iVM - W{m)). 

Proof. We have that Z{m) = if and only if {m,nf) + > 0 for all 

e G Sc(l). Similarly Z(rn) = {0} if and only if + '^(ug) < 0 for all 


e G Sc-(l). Therefore the hrst two equivalences follow from Lemma 7.6 

Label a cone of Sc, of any dimension, with a “+” if it is entirely contained 
in Z(rn) and denote by Z^{m) the union of the cones of Sc which are labeled 
with a “+”. Observe that a two-dimensional cone is labeled with a “-f” if and 
only if both its boundary edges are labeled with a “-I-” . It can be easily proved 
that iVR — Z{m) is a deformation retract of iV® — Z~^{m). Therefore 

bo{N^ - Z{m)) = bo{N^ - Z+(m)). 

We can also consider a different labeling. Label a cone with a “-I-” if it is 
entirely contained in W{m) and denote by W~^{m) the union of the cones of 
Sc which are labeled with a Again, one can show that Ar — W{m) is a 
deformation retract of Ar — so that 

6 o(Ar - W{m)) = &o(Ar - IF+(m)). 


On the other hand Lemma 7.6 implies that Z^{m) = W^{m). This completes 
the proof of the Lemma. □ 

This lemma implies that we can compute the cohomology of by replacing 
the subsets Z{rn) with the subsets W{m). 

Given an oriented curve 7 and a point m ^ 7 , the winding number of 7 


around m (see Dehnition 6.1) coincides with the intersection number between 


7 and a generic straight ray p emanating from m, oriented outward from m. 
We write this as 

( 77 ) 


w.y{m) = p ■ 7 . 








ON HOMOLOGICAL MIRROR SYMMETRY OF TORIC CALABI-YAU THREEFOLDS 61 


If 7 is smooth (or piecewise smooth) the generic ray p intersects 7 transversely, 
so p ■ 7 is dehned by counting each intersection point with a sign depending on 
orientations. 

Let us now study the case 7 = 7 ^, where 7 ^ is dehned in (59). With some 
abuse of notation we will denote by 7 ^ its image in Mr. We will say that an 


index j G 1 ,... ,r corresponds to a non-degenerate edge of 7 ^ if 9j^i 
Choose some rh G Mr, m 7 ^ 0 and consider the ray 


9j 7 ^ 0 . 


Prhit) = m + tm, t > 0. 

If rh is generic we can assume that every intersection point between pm and 7 ^ 
is in the relative interior of some non-degenerate edge of 7 ^ . Moreover, we can 
also assume that 

(m,ne.)^0, Vj G {!,...,r}. 


Definition 7.8. For every p G pm^lr and j G {1,..., r}, let S{p,j) be dehned 
as follows. If p does not belong to the segment from 9j to 9j+i, then S{p,j) = 0. 
If p belongs to the segment from 9j to 9j+i then S{p,j) = 1 (resp. S{p,j) = — 1 ) 
if {m, — 9j} is a positively (resp. negatively) oriented basis of Mr. Dehne 

r 

i=i 


Then formula (77) for becomes 


^ 6 {p). 


Lemma 7.9. If p G Pm fl 7 ^ belongs to the edge from 9j to 9jj^i^ then, for any 
n in the interior of the cone Vj, 

S{pJ) = -sign((0j+i -9j,n){rh,ne^)). 

Proof. Recall that Cj is the common intersection between the cones Uj and L'j+i. 
For any n in the interior of z/^, we have that is a positively oriented 

basis of iVR, therefore {m, 9j^i — 9j} is a positively oriented basis of Mr if 

{9j+i - 9j,ne^){rh,n) - {9j+i - 9j,n){fh,ne^) > 0 , 

otherwise it is negatively oriented. On the other hand, by dehnition of the 
support function, we have 

(^j+l 0" 

Therefore the claim follows. □ 


Now let S C Nr be a circle centered at the origin and dehne semicircles 
S'"*" = S' n {n G Nr I {rh, n) >0}, S'” = S' fl {n G Nr | (m, n) < 0}. 

Consider the function T : S'” U S'^ —)■ M given by 

^ ^ 'd(g) - (m,g) 

{rh,q) 
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We now prove that the intersections between and 7 ^ are in correspondence 
with local maxima and minima of T{q). 

We have the following: 


Lemma 7.10. For a generic choice of ffi we have that a point q G U S~ is 
a local maximum or minimum of T if and only if g G Cj for some j G {1,..., r} 
corresponding to some non-degenerate edge of 7 ^ and m + T{q)fh is on the edge 
joining 6 j and 


Proof. Let us hrst show that if g is a local maximum or minimum of T, then i? 
is not linear in a neighborhood of g. By dehnition T(g) satishes 

(78) (m-I-T(g)m, g) —'d(g) = 0. 

We assume that g G S'", the case g G S'"*" is analogous. In particular we have 


(m, g) < 0. 


If g is a local minimum of T on S~ then g is also a local minimum of T restricted 
to the line which is tangent to S~ at g. Write this line as t 1 —)■ g -f tq^, where 
g-*- is a tangent vector to S~ at g and t G M. If i? is linear in a neighborhood of 
g then it is easy to see that for small values of |f| we must have 


r(g +V) 


a + bt 
c + dt 


for some real numbers a, 6 , c, d. From the genericity assumption of ffi we can 
also assume that this function is not constant. Then this function in t does not 
have a local minimum in t = 0. So g cannot be a local minimum (or maximum) 
of T on S'". Hence we must have g G ej for some j such that dj+i Oj 7 ^ 0 . 

We now prove that m + T{q)fh is on the segment joining 9j and We 

assume that g is a local minimum, the local maximum case being similar. We 
have that for all q' G fj+i fl S'" 


T{q) < T{q') 


and for all g" G z/j fl S' 

nq) < T{q") 

hence 


T{q){m,r/) > T(q'){m,q'), T{q){m,q") > T(q"){m,q"). 


(79) 

If we add {m,q') to both sides of the hrst inequality, we apply (78) to g' and 
we observe that 'd(g') = {9j^i,q') we get 

(80) (m + T(g)m, q) > {9j+i, g'). 


Similarly from the second inequality of (79) we get 
(81) {m + T(g)m, g") > {9j, g"). 


Equation (78) implies that 

{m + T{q)m,ne^) = ( 0 ^+ 1 , = {9j,nej). 
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This implies that m + T{q)m = s{6j^i — 9j) + 9j for some s G M. Let us show 


that s G [0,1]. Using m + T{q)m = s(6*j+i — 9j) + 9j in inequalities (80) and 
(81) we obtain 


(82) (s — l){9j+i — 9j, q) > 0 and s{9jj^\ — 9j, q”) > 0. 
Since {9j+i — 9j,nej) = 0 only the following two things can happen: 

(83) {^j+i ~ q') < 0 {9j+i — 9j, q") > 0 


or 


{9j+i — 9j, q') > 0 and {9j+i — 9j, q") < 0. 


The latter inequalities and (82) cannot hold together, while the former inequal¬ 


ities and (82) imply that s G [0,1]. We conclude that if g is a local minimum 
of T{q), i.e. (82) holds, then the former inequalities must be satished and 
s G [0,1]. The converse is also true and we leave it to the reader. □ 

This lemma implies that if p G Pm H ji, then 

p = m + T{q)m 

for some q G U S~, with T(g) > 0 and g is a local maximum or minimum. 
Notice that this may happen for more than one value of g. In this case p belongs 
to more than one edge, i.e., it is a multiple intersection. We have the following 


Lemma 7.11. If p G Pm H and p = m + T{q)m for some g G e^, then 

1 if g is a local minimum of T, 

— 1 if g is a local maximum of T. 




Proof. Let us assume hrst that g G S' and that g is a local minimum. In 
particular 

(84) (m,ne^.)<0 

since n^. is a positive multiple of g. Moreover, since g is a local minimum, we 


saw in the proof of Lemma 7.10 that for any g" G S fl z/,- the second inequality 


in (83) holds. Hence Lemma 7.9, applied with n = g" gives S{p,j) = 1. 


Similarly we can reason in the cases where g G S , but it is a maximum; 
q" G S’*" and it is a minimum; q" G and it is a maximum. □ 

Corollary 7.12. Let MaxT>o be the set of local maxima g of T such that 
T(g) >0 and let Min^yo be the set of local minima g of T such that T(g) > 0, 
then 

(85) {m) = # Minr>o - # MaxT>o • 

Proof of Theorem H Let us hrst prove that 

(86) m G Qo = 1- 


It follows from Lemma [7.7| that m G Qo if and only if 

(m, n) — d{n) >0, Vn G Nr — {0}. 
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Therefore if m G Qo, then T\s- > 0 and T\s+ < 0 . We then have that all 
points of Max-r^o and Minr^o niust be in S~. Now let g_oo and g+oo be the two 
boundary points of S~ (and of S~^). We have that 


lim T(g) = 

(?-?•<?+oo 

where the limits are taken for q E S~. 
seen that 


lim = +CX) 


(j-s-g-oo 


Then (see Figure 18), it can be easily 


# MinT>o = # MaxT>o +1- 




Figure 18. The fan and the graph of T in the case m G Qo- 


Now ( 86 ) follows from Corollary 7.12 Similarly one can show 
(87) m E Q 2 = 1. 

In fact in this case m G Q 2 if and only if 


(m, n) — 'din) <0, Vn G Nr — {0}. 

Then the same proof holds replacing S~ with . 

We now prove that 

(88) m G Qi ta^^(m) = 1 - 6 o(Nr - hF(m)). 

If m G Qi, the set W{m) is a union of a hnite number of closed angular sectors 
(which may also be non-convex). We only consider maximal sectors, i.e., those 
which are not contained in strictly larger sectors which are also contained in 
W{m). We call these sectors “white sectors”. The complement Nr — W{m) is 
also a union of open angular sectors, i.e., its connected components. We call 
these sectors “black sectors”. Clearly 60 (-^R ~ W{m)) is either the number of 
white sectors or of black sectors. We call the intersection of a white sector (resp. 
black sector) with S~^ or S~ a white arc (resp. black arc). It can be easily seen 
that T is non-negative on white arcs contained in S~ or on black arcs contained 
in S~^. Vice versa T is negative on black arcs contained in S~ or on white arcs 
contained in S~^. It is clear that an arc in S~, either black or white, can be of 
three types: i) it coincides with S~] ii) its boundary consists of a point in S~ 
and one of the points q±oo] hi) both its boundary points are in S~. Similarly 
we classify arcs in S~^. The number of local minima of T inside a white arc 
in S~ of type (i) is one plus the number of local maxima inside the same arc. 
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Therefore, from formula (85), a white arc in S~ of type (i) contributes 1 to the 
computation of Similarly we can say the same of a black arc in S~^ of 

type (i). On the other hand, the number of local minima of T inside a white arc 
in S~ of type (ii) is the same as the number of local maxima inside the same 
arc (see Figure 19). So that a white arc in S~ of type (ii) does not contribute 
at all to the computation of Similarly we can say the same of a black 

arc in S~^ of type (ii). Finally, the number of local minima of T inside a white 
arc in S~ of type (iii) is one less than the number of local maxima inside the 
same arc (see Figure 19). Similarly we can say of a black arc in S~^ of type (iii). 
Therefore a white arc in S~, or black arc in S~^, of type (iii) contributes —1 to 
the computation of w^^{m). 


+ 




Figure 19 . The fan and the graph of T when m G Qi. Black 
sectors are shaded. In this case S~ has one white arc of type (iii) 
and one of type (ii). 


The hnal step of the proof is just a simple combinatorial problem. Let 
and w~ be the number of white arcs of type (iii) respectively in and in S~. 
Similarly let and b~ be the number of black arcs of type (iii) respectively in 
S~^ and S~. If S~ consists of one white arc of type (i), then all black arcs in 
S~^ are of type (iii) and, from the previous considerations, we have 

w^^{m) = 1 — . 

It can be seen that + 1 and that 


6 o(iVR - W{m)) = 1 + = 6+ 


which implies (88). Similarly one deals with the case when consists of one 
black arc. 

Now suppose all white arcs of S~ are of type (iii) and > 1. Then we have 

w^^{m) = —w~ — 


6 °(N'k - W{m)) = r + 6 + + 2 . 

Moreover w~ = b~ + 1. Therefore we obtain (88). The case where all black 
arcs of S~^ are of type (iii) and 6“ > 1 is similar. 
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We do the case when S has one white arc of type (ii) and one black arc of 
type (ii). In this case the same is true for S~^. So we have 

= —w~ — b'^, 

- W{m)) = b- + b+ + l. 

Moreover b~ = w~, which gives ( 88 ). The last cases to consider is when S~ 
does not contain white arcs or S~^ does not contain black arcs. We leave these 
to the reader. 

In particular this shows that if m G Qi, then either w^^{m) is zero or it 
is negative and equal to —h^{m). Therefore w^^{m) is positive if and only if 


m G Qo or m G Q 2 , in which case w^^{m) = 1 . 
now follows from (76). 


The conclusion of the theorem 

□ 


Example 7.13. Let X be the total space of the canonical bundle of the one- 
point blowup of P^. It is obtained from the polytope 

P = Conv{(0,1), (-1,1), (-1, 0), (1, -1)} 


with the subdivision whose interior edges connect each vertex of P with the 
unique interior integral point (0, 0). Then Mr — T has just one bounded com¬ 
ponent C corresponding to vc = (0, 0). Clearly Dq is the one point blowup of 
P^. The fan Y^c has one-dimensional cones generated respectively by hi = (0,1), 
h 2 = (—1,1), 77-3 = (—1, 0), 77-4 = (1, —1). Then consider the twisting numbers 

^= (-14, 5,-14,-9). 

The curve 7 ^ is pictured in Figure]^ There are 10 integral points with winding 
number 1 and 3 points with winding number —1. We have 


and 


iLc = (- 2 ,- 1 ,- 2 ,- 3 ), 
^^^^ = (6,- 3 , 6, 3 ). 



n2 hi 



Figure 20 . 

According to Conjecture |7.1| , these four numbers are the intersection numbers 
of the sheaf corresponding to with the curves on the toric boundary of 
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Dq- If we denote by H the hyperplane section in Dc and by E the exceptional 
cnrve of the blowup, one can see that 

Sli = + 3E). 

We have 

H\Dc,Sl,) = H\Dc,c^l,) = C^ H\Dc,c^l,) = 0. 

8 . Spherical objects and Am-coNFicuRATioNS 

In this section we will use the results of the previous sections to find sheaves 
which, according to our Conjecture |7.1[ are mirror to the 742d-i-con£guration of 
vanishing cycles in a smoothing of a Aow-i-singularity. This refines a coniecture 
of Seidel and Thomas [29]. 

8.1. Definitions and examples. When L is an embedded Lagrangian sphere, 
the Floer homology HE*{L, L) ®]rC is isomorphic to the standard cohomology 
of the sphere with C coefficients, i.e., it is C in degrees 0 and n and 0 elsewhere. 
So morphisms of the mirror object El should satisfy the same property. This 
justifies the following definition of Seidel and Thomas m 

Definition 8.1. Given a Calabi-Yau manifold X, an object £ G D^Coh{X) 
is spherical if Hom^6pg^^-Y)(£, £) is C when r = 0 or n, and zero in all other 
degrees. 

Now suppose we have a chain of embedded Lagrangian spheres Li, ... ,Ln 
such that Li intersects Lj transversely in one point if \i —j\ = 1 and LiCiLj = 0 
if I*—jj > 1. Then we have that HE*[Li., is C when \i—j\ = 1 and zero 

when \i— j\ > 1. Such a configuration of spheres is called an y4m-con£guration. 
This justifies the following: 

Definition 8.2. Given a Calabi-Yau manifold X and m > 1, an conhgu- 
ration in T>^Coh{X) is a collection of spherical objects £i,..., Em such that 

dimcHom^,^„^(^)(£i,£j) = 

Let X be an n-dimensional Calabi-Yau manifold. Assuming that X is com¬ 
pact, a simple class of spherical objects in D^C'oh(X) is given by line bundles. 
More generally consider a submanifold Y <Z X and sheaves supported on Y. 
We denote by i : Y ^ X the inclusion. If T is a sheaf on Y, by slight abuse of 
notation we will denote by L also the sheaf on X given by We have the 
following (see Lemma 3.7 of m for a proof): 

Lemma 8.3. Let X be an n-dimensional quasi-projective smooth variety and 
Y C A a connected compact submanifold of codimension r, whose normal 
bundle u satisfies H^{Y, u) = 0 when 0 < i + j < n. Then Oy G T)^Coh{X) 
is spherical. 

More generally we have 



N - il 

= 1 

h 

N -il 

> 1 
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Corollary 8.4. With the same hypothesis of Lemma |8^ let £ be a line bundle 
on X and Ly = ^ ® Oy. Then Ly G T>^Coh{X) is spherical. 


Proof. If follows from the fact that Ext^(£y,£y) = Ext^(0y,0y) (see [26], 
Proposition 6.7, pg. 235). □ 


Observe that when E is a hypersurface in a Calabi-Yau manifold X, then 
the condition on the cohomology of the normal bundle of Y becomes 

(89) H\Y,Oy) =0,i = l,...,n-l. 

Indeed, this is clearly the necessary condition for j = 0, and for j = 1, one 
needs H^(Y,uy) = 0 for 0 < i + 1 < n, or by Serre duality Oy) = 0 

for 0 < i + 1 < n, which is equivalent to the above condition. In the case X is 
a 3-fold, these conditions hold when Y C X is a rational surface. 

In the case of a rational curve C in a 3-fold X, then we must have that 

(90) z/ = Oc(-l)©Oc(-l). 

These are called (—1, —l)-curves. 

Let us now give some examples of Am-configurations. 


Lemma 8.5. Let X be a quasi-projective Calabi-Yau 3-fold, Y a smooth. 


compact, embedded surface in X satisfying (|89|) and C an embedded rational 

■ansversely at a point. 
Then £i and £2 form 


curve satisfying (90). Assume that C and Y intersect transversely at a point. 
Given a line bundle L on X, let £1 = Cy and £2 = Oc- 


an A 2 -con£guration of objects in D^Coh{X). 

This is a simple calculation which we leave to the reader. Another possible 
configuration is the following: 

Lemma 8.6. Let X be a quasi-projective Calabi-Yau 3-fold, Y a smooth. 


compact, embedded surface in X satisfying (89) and C an embedded rational 


curve satisfying (90). Assume that C is contained in Y and that it has self¬ 
intersection — 1 in Y. Given a line bundle T on X, let £1 = Ly and £2 = Oc- 
Then £1 and £2 form an A 2 -configuration of objects in T)^Coh{X) if and only 
if 

-^Ic = Oc or Oc(l)- 


Proof. Consider the standard locally free resolution of Oy 

(91) 0 —^ Ox{-Y) ^ Ox Oy ^ 0, 

where s is a section of Ox(E) vanishing along Y. Now apply TCom(-, Oc) to 
the sequence and we obtain the complex calculating S.xt*{Oy, Oc)- 

(92) 0 ^ dCom(Ox,Oc) — > :Kom{Ox{-Y),Oc) 

Now 

dCom(Ox, Oc) = Oc 
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and 


‘Kom{0x{-Y),0c) = 0 x{Y)\c = ujy\c = 

= v~^y®ujc = 0 c{-l)- 

where vc\y denotes the normal bnndle of C inside Y. Since there is no non¬ 
trivial map from Oc to 0c'(—1), the second map in (92) is zero, hence the only 
non-trivial Ext sheaves are 

£xt°(0y,0c') = Oc, £xf^(0y,0c) = C)c(“l)- 

Hence the E 2 page of the local-global spectral sequence computing Ext groups 


(i.e., ExP{Oy, Oc)) is non-zero at = C. Hence £1 = Oy and 

£2 = Oc form an H 2 -con£guration since Ext°(Oy, Oc) = C and Ext'’(Oy, 0^) = 
0 when r > 0. In the case £1 = £y, then a resolution of Ly is obtained by 
tensoring (91) by Then the same calculation leads to the following non-trivial 


Ext sheaves 


Ext^L, Oc) = ^~^(^0c = Oc{-k), Ext\/:, Oc) = L-^^0c{-l) = Oc{-l-k) 

using £|c = Oc{k). The spectral sequence then gives that Hom^6(^^^^-Y^(/Cy, Oy) 
is only one-dimensional in the cases /c = 0,1. □ 


We will also need the following: 


Lemma 8.7. Let X be a quasi-projective Calabi-Yau 3-fold, Yi and 12 a pair 
of smooth, connected, compact, embedded surfaces in X. Assume that Yi and 
y 2 intersect transversely along an embedded rational curve C and let m be the 
self-intersection number of C inside l 2 - Given a line bundle £ on X, suppose 
that 

k^\c = Oc{k). 

Then dim(Hom^(,( 3 .^^(jY)(GYi,= 0 if and only if 

k + m = —1. 


Proof. Consider the sequence (91) applied to Yi and take TCom(-, TyJ. We have 
the complex 

0 —y J~Com(^0Xy EY 2 ) —t J~CoTn(^Ox{ — Yi),XjY2) 


which becomes 

0 —)■ Ly 2 —> Ox{Yi) ® Ly 2 

where the first map is tensoring with a section s of Ox{Yi) vanishing on Yi. In 
particular the hrst map is injective. So the cohomology of the complex gives 

Ext^ (^Oxiy 'EY 2 ) ~ 0 


and 


Ext\OYr, EY 2 ) = J^c\Y 2 G) T|c = Oc{k -1 m). 

Then, dim(Hom^6(^^^j^^^(Oy^,/Cyj)) = 0 if and only if Oc{k + m) has no coho¬ 
mology, i.e., if and only if fc -|- m = —1. □ 
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In particular, let Yi, Y 2 and C = Yi fl Y 2 be as in the above lemma, such that 
Yi and Y 2 satisfy (89) and C satishes (90). If (7 has self-intersection —1 inside 
Y 2 , then £1 = Oyi , £2 = Oc and £3 = Oyj form an As-conhguration. 

There are other possibilities, for instance suppose that Yi, Y 2 , L and C are 
as in the Lemma above, with k + m = —1. Suppose C is another embedded 
rational curve contained as a —1 curve inside Y 2 and intersecting Yi transversely 
in one point. If Yi and Y 2 satisfy (89) and C' satishes (90), then £1 = Oy^, 


£2 = '£|c' and £3 = Ly 2 also form an 743 -conhguration. 

8.2. y42d-i-singularities. Am-conhgurations of Lagrangian spheres appear nat¬ 
urally as vanishing cycles of certain singularities. In fact consider the singularity 
dehned by the equation 

(93) + y‘^ + u^ + = 0. 


This singularity is said to be of type ^ 2 ^- 1 . If X is the smoothing of this 
singularity given by equation 

(94) x‘^ Y = e. 


then X contains 2d—l Lagrangian spheres Li,..., L 2 d-i representing vanishing 
cycles in H^{X) and forming an y 42 d_i-con£guration of Lagrangian spheres. 
Seidel and Thomas propose a possible mirror manifold X and make a guess at 
what the corresponding A 2 d-i configuration of objects in X might look like. 
They propose that X is a Calabi-Yau manifold which should contain embedded 
smooth surfaces S 2 , S 4 ,..., S 2 d -2 and curves Ci, C 3 ,..., C 2 d-i such that the 
following holds 

1 ) each S 2 i is isomorphic to with two points blown up; 

2) S2i n S2j = 0 if |i - i\ > 1 ; 

3) S 2 i -2 and 821 are transverse and intersect in C 2 i-\-i which is a rational 
curve and has self-intersection —1 both in 821-2 and in 821 - 

Let £ 2 ^ = Os 2 j £ 21-1 = Then it follows from the discussion in the 

previous section that £i,...,£ 2 d-i do indeed form an y 42 d-i-con£guration of 
objects in D^C'oh(X). 


8.3. Mirror A 2 d-i configurations. Here we use our results to make a different 
and more precise proposal than the one by Seidel and Thomas described above. 


Firs t we describe the vanishing cycl es using the constructions of Sections |4.2 


and 4.4, then we use Conjecture |7. l| to hnd their mirror objects in D°Coh{X) 


and we prove that they form an ^ 2^-1 configuration. As in Example |2.11[ let X 
be given by equation (13). We observed that X is a smoothing of the singularity 
xy = z'^ + which is equivalent to the one in (93) by a simple change of 
coordinates. Here we choose a subdivision of P such that every compact toric 
divisor of X is a one point blow-up of a Hirzebruch surface (see Figure]^ for the 
case d = 3). The hbration / : X —)■ has as discriminant locus a fattening of 
the tropical curve in Figure]^ (for the case d = 3). The Lagrangian spheres are 
of two types. First we have d — 1 spheres which are of the type constructed over 
the d — 1 bounded regions Ci ,..., Cd-i of the complement of F (as in (4.2). 
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Let US denote these by Li,..., L^-i- For j = 1,... ,d, consider the edge, in the 
subdivision of P, which connects the point (j — 1,1) to the point (j, 0). The 
dual to this edge in F is an edge over which we can construct spheres as in 
14.4 Over every such edge we take the sphere constructed with k = 0. Let us 


denote these spheres by A^i,..., N^. The divisor Dj in X corresponding to Cj 
is isomorphic to the one point blowup of a Hirzebruch surface of type j. Let us 
label and order the edges of Cj as in Figure According to this ordering we 
have 

Kc, = {j - 2,1,-2). 

Recall that a sphere over Cj is determined by numbers £j = {iji,... ,£j^) 
whose entries have the same parity as the corresponding entries in Kcy 

Let us consider spheres with minimal twisting numbers, i.e., such that the 
entries of £j are either 0 or ± 1 . So we can define 

(— 1 , 1 , — 1 , 0 , 0 ) when j is odd, 

( 0 , — 1 , 1 , — 1 , 0 ) when j is even. 


see Example 6.6 It can be easily checked that the above choices satisfy (33). 
We denote Lj = L^.. It is not hard to see that Lj flLfc = 0 when j ^ k. This is 
clear if \k — j\ > 2. In the case k = j + 1, this is because the only possible place 
where they could intersect is along the common edge of Cj and Cjj^i, but along 
this edge the twisting numbers are the same for both spheres. This implies that 
along this edge the image of the maps \j and Aj+i, defining the spheres over 
Cj and Cj^i respectively, can run parallel to each other without intersecting. 

We now use Conjecture 7.1 to construct the sheaves which are mirror to the 
spheres Lj. If we let 




Kj 


C, 


then formula ([7l| tells us that 






We have that 


(95) 


Kj — 


(AW, —1, 0, ——1 ) when j is odd, 
(AW^ 0, —1, —A, —1) when j is even. 


It is not hard to see that the collection of spheres ... ,Ld-i,Nd) 

satishes fl Lj) = ^{Nj^i fl Lj) = 1, fl L^) = 0 when j — fc 7 ^ 0,1 

and i^{Nj n Nk) = H^{Lj fl L^) = 0 when j 7 ^ k. Therefore they give rise to 
an A 2 d_i-con£guration of objects of D^Fuk{X). One can also show that the 
Lagrangian spheres can be constructed so that the intersections are transversal. 

Now observe that the edge in the subdivision of P connecting (j — 1,1) to 
(j, 0) corresponds to a rational curve in X satisfying (90). Denote this curve 


by pi As mirror to the spheres Nj, let us propose the sheaf 


^Nj — Dpi (“!)• 
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We have the following 


Proposition 8.8. The collection of sheaves ..., defines 

an 742d-i-conhguration of objects of D’^Coh{X). 

Proof. Since the divisors Dj are one-point blow-up of Hirzebruch surfaces, they 
all satisfy (89). As we said, the curves Pj all satisfy (90). Therefore Lemma 
8.31 and Cordllary 18.41 imply that the sheaves and are spherical objects. 


Observe that Pj and Dj intersect transversely at one point, therefore Lemma 
implies that, for every j, and form an A 2 -configuration of objects, 
curve P]+i is contained in Dj and has self-intersection 


8.5 

-1 inside D^. Observe 


that Pj_,_^ corresponds to the edge of Figure ^ T his implies that Sl 


95), i.e., we have 


D'+i 


IS 


St. 


Pj+i I 


j+i 


determined by the third entry of Kj in formula 

Opi^^ when j is odd, 

Opi_^i(—1) when j is even. 

Now let .if be any line bundle on X such that = Opi^^(l). We have 

Opi^^( —1)) = 

= 0 .if, Opi^^(—1) 0 .if) = 

= ® •^1 

Now observe that 




Opi (1) when j is odd. 


j+i 


when j is even. 


It follows from Lemma 


8.6 


that . 0 .if and Opi form an A 2 -con£guration 


of objects, therefore also and Sm. 


D'+i 


j+i' 


It remains to show that 
(96) dim )) = 0. 

Notice that Dj and T*j+i intersect in a rational curve Q corresponding to the 
edge Cji of Cj, which also coincides with the edge e^+i)! of Cj+i. We have that 

Observe that we always have —Kj 4 -1- = j- This implies 

.if-,,. 0 =^„^.+i|q = Oqij). 


Considering that the self-intersection of Q inside iij+i is —(j-|-l), equality (96) 
follows from Lemma 8.7 This completes the proof. □ 

Recall that a Hirzebruch surface of type j is dehned as Sj = P(Opi © Opi (j)). 
The second cohomology iL^(Sj,C) is spanned by divisors B and F, where 
B = P(Opi(j)) C Sj and F is the fibre of the projection onto P^. The one 
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point blowup of Sj has second cohomology spanned by 5, F and the exceptional 
curve E. We have 


= -j, = 0, F^ = -1, F ■ F = 1, F ■ F = F ■ F = 0. 

In our picture for Dj (in Figure]^, the divisor F corresponds to the edge eji, 
F corresponds to e^s and F to 6 ^ 3 . Using these facts, it is easy to show that 




Kn D4 


-F-^F j odd, 

—F — ^F + F j even. 
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